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applications in probability as well as in analysis. Based on it we prove versions of the extremal
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CONGLOMERABILITY 1
1. INTRODUCTION

Let S and €2 be non empty sets, 7 a family of real valued functions on S and X a map from {2

to S. In this paper we consider several problems involving the equation

(1) /hdm = /h(X)du het

in which m is a given positive, real valued, finitely additive set function defined on some ring of
subsets of S. When (1) is solved by a positive, finitely additive set function p defined on a ring of
subsets of 2, we speak of m as the distribution of X and of X as the representation of m. These
properties should be interpreted as defined relatively to a given family .7 which is at the same time
our model of the information available and a constraint to the problem examined. In the general
case addressed in this work we will avoid assuming that S is a metric or a topological space, or
that X is measurable in some appropriate sense.

A classical problem fitting into (1) is the one faced by a statistician who, based on the outcome
of an experiment in the form of a distribution m on S, has to conclude whether the observed
data originate from some a priori model X or not. In similar situations a statistician may perhaps
consider restrictions to the representing measure, such as u being countably additivite or absolutely
continuous with respect to some reference measure. The traditional representation problem of
Skhorohod is another variant of the one discussed here in which p is given and X is the unknown.
Another question related, in a less obvious way, to (1) is the problem raised long ago by Lester
Dubins [14] of whether a finitely additive set function m on a product space is strategic, a special
form of the disintegration property. The answer to Dubins’ problem depends on a special condition,
conglomerability (apparently due to de Finetti) that received little attention in probability since
Dubins’paper, with the notable exception of the work of Schervisch, Seidenfeld and Kadane [25].

The conglomerability property, we believe, may be formulated in more general terms than those
in which it was originally stated and it may be applied to more ambitious problems in probability
and analysis than those for which it had been originally devised. The first problem in which
conglomerability turns out to be a crucial property is that of representing linear functionals as
integrals whenever the underlying space is just an arbitrary vector space possessing no additional
property. In this generality a direct integral representation is hardly possible — if meaningful at
all. There is however the possibility that a linear operator T map the original vector space into
an auxiliary function space on which such a representation obtains. In fact we prove in Theorem
1 that this is the case if and only if the given linear functional is T' conglomerative. This simple
result admits though a large number of implications of which the existence of a solution to (1) is
just a case in point.

Conglomerability may be nicely restated as a geometric property characterizing two sets of linear
functionals on a vector space. As such, it covers several situations of interest in analysis: a compact
set is conglomerative with respect to the set of its extreme points; in a Banach space with the Radon

Nikodym property a closed bounded set is conglomerative relatively to its strongly exposed points.
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Theorem 2, the most important result in this paper, proves that if & and ¥ are two sets of positive
functionals on a vector lattice then ® is W conglomerative if and only if each ¢ € ® is the barycenter
of a (countably additive) measure supported by W. By exploiting the possibility of representing
evaluations as positive linear functionals, this conclusion is then extended in Theorem 3 to obtain
a generalization of the original result of Choquet [10].

We also provide applications to probability. In (1) with S separable we use conglomerability
to explicitly construct one function X that represents any distribution relatively to the family
F of continuous functions on S. This in turn implies that if a given classical probability space
supports a random quantity uniformly distributed on the unit interval then every countably additive
distribution m admits a representation X supported by that same space, a situation related to
the problem of Skhorohod. In addition, we prove that there are stochastic processes, such as
Brownian motion, which can assume whatever family of finite dimensional distributions on R upon
an appropriate choice of the underlying probability.

In the closing section we apply our approach to prove that any convex functions on R decomposes
into the sum of a piecewise linear component and an integral part, a representation curiously near
to the one popular in mathematical finance as a model for option prices.

All proofs are quite simple and, despite the focus on countable additivity, they are obtained by
exploiting the theory of the finitely additive integral in which the measurability constraint is much
less burdensome. We hope to disprove thus, at least partially, the harsh judgment of Bourgin [7, p.

173] that “an integral representation theory based on finitely additive measures is virtually useless”.

2. NOTATION

Throughout the paper 2 and S are arbitrary, non empty sets and & and X rings of subsets of
Q and S, respectively. The symbol F(2,S) (with F(Q,R) = F(Q)) is used to denote the family of
all functions mapping €2 into S and § is replaced with £, € or €x when the functions considered
are linear, continuous or continuous with compact support, respectively. If f € F(£2,5) and A C Q
the symbols f|A and f[A] designate the restriction of f to A and the image of A under f. More
generally if 77 C §(Q2) and A C Q we denote the set {h(w) : h € J#,w € A} as H[A]. A sublattice
A of some function space §(S) is Stonean (or has the Stone property), if h € 5 implies hA1 € S,
where 1 € §(5) indicates the function assigning the value 1 to all s € S.

() and B(«/) indicate the families of &/ simple functions on €2 and its closure in the topology
of uniform convergence. By fa(<), ba(<?) and ca(<?) we designate the spaces of real valued, finitely
additive set functions on 7, the subspace of fa(%?) consisting of elements which are bounded
relatively to the variation norm and the subspace of ba(</) consisting of countably additive set
functions, respectively. fa(Q) is preferred to fa(2?). A pair (@7, \) with </ a ring of subsets of
Q and f € fa(/)y is called a measurable structure on 2. We refer to (2,47, P) as a classical
probability space when & is a o algebra of subsets of €2 and P is countably additive on & and
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we say that it supports X € F(Q,S) whenever S is a topological space and X ~1(B) € .« for every
B C S open.

We recall a few definitions and facts relative to the finitely additive integral, the main references
being [15] and [4]. If A € fa(</)+ then we say that X € §F(2) is A-measurable if and only if there
exists a sequence (X, )nen in (&) such that X,, A-converges to X, i.e. such that

(2) Im A (| X, — X|>¢)=0 forevery ¢>0
n
where the set function A* and its conjugate \. are defined (with the convention inf @ = o0) as

3 N(E) = inf AMA) and M(F) = sup B E cQ.
() ( ) {Aeo/:ECA} ( ) ( ) {Be«/:BCE} ( )

We say that X is M-integrable (or that X € L'())) if there is a sequence (X,,)nen in .%(27) that
A-converges to X and such that (X,)nen is Cauchy in L'(\). The integral of X with respect to
A is denoted by [ XdA but at times as [, X (w)dA(w) when reference to the underlying space is
important. We shall use the following fact: if A, B C Q, A € fa(&/)+ and f € L*(\), then

(4) 140 < f<1p implies /\*(A)g/fd/\g/\*(B).

Associated with A € fa(e/)y and X € F(2) are the following, important collections:

(5a) D(X,\) ={teR: lim A (X > ¢ = 277) = Hm A(X >t + 27"}
(5b) Ho(X,\) ={{X >t}:te DIX,\)}
(5¢) A (N)={E CQ:X(E)=\(E)}.

It is easily seen that o/ (\) consists of subsets B of Q) which are A\-measurable, i.e. such that the
corresponding indicator function 1 g is a A-measurable function, and that it forms a ring containing
/. We refer to o/ (\) as the A completion of o/. Moreover, there clearly exists a unique extension
of A to &/(\) and X € F(Q) is A-measurable if and only if it is measurable with respect to such
extension. Abusing notation, we will always denote with the same letter, A, also its extension to
2/ (N). A sequence (X, )nen in L*(A\) converges to X in norm if and only if it A-converges to X and
is Cauchy in the norm of L'()), [15, I11.3.6]. Following [20], if X € F(€2,S) and S is a topological
space, we say that X is A-tight if for all € > 0 there exists K C S compact such that \*(X ¢ K) < e.

3. FINITELY ADDITIVE PRELIMINARIES

We characterize here measurability and integrability in a convenient way. Some of the following

facts are intuitive and well known under countable additivity. We fix A € fa(</)+.

Lemma 1. X € F(Q) is A-measurable if and only if it is A-tight and either one of the following
equivalent properties hold: (i) A(X > s) > N*(X > t) for all s < t, (i) Zo(X,\) C (N), (i)
the set {t e R: {X >t} € &/ (\)} is dense in R.



4 GIANLUCA CASSESE

Proof. If X is A-measurable it is A-tight, [21, p. 190]. Choose (fx)ken in .7 (&) A-converging to X
and A} € o such that {|X — fg| > n} C A] and A(A}) < A*(|X — f| > n) +27F. Then,

{(X>s+2n}Cc{fs>s+nor|fy—X|>n} C{fr >s+ntUA] C{X >s}uUA]

so that A*(X > s+ 2n) < A({fi = s+t UA]) < A(X > s) + A(A)). Assume (). If ¢ € D(X, \)
then A\ (X > t) = lim, A\u(X >t —27") > X\*(X > t) > A (X > t). The implication (ii)=-(ii1) is
obvious. Assume that (iii) holds. Let t§ = —2",¢7 | = 2" and choose {t < ... <t} } C [-2",2"]
to be such that {X > '} € &/(\) for i = 1,...,I,, and supg<,;<;, 1] — 31| < 27". Define

I,—1
(6) X, = Z t?]l{t?<X§t?+1} S Y(sz(/\))

Then {|X — X,,| > 27"} C {|X]| > 2!} so that X,, A\-converges to X whenever X is A-tight. [J

Lemma 2. X € L*()\) if and only if [;° A (| X]| > t)dt = [;° XN*(|X| > t)dt < oo. Then,

(M) /Xd)\ _/0 M(X > Bt — /0 M(X < 7)dr.

—00
Proof. Assume [ A\ (|X| > t)dt = [ A*(JX| > t)dt < co. Then X is A-tight and the set of t € R
for which {|X| > t} € &/()) is dense so that |X| is A-measurable. As in (6) we can construct an
increasing sequence (fy,)nen in (7 (X)) such that 0 < f,, <|X| and A-converges to | X|. But then,

(8) 00 > /OOO M(|X] > t)dt > lirrln/ooo A fn > t)dt = Ii7£n/fnd)\ = / | X|dA

as {fnu)nen is Cauchy in L'(\). Assume conversely that X € L'()\) and take b > a > 0. If (f,)nen
in . (/) converges to X in L'(\) and 0 < ¢ < a, then

b+e b
/ A*(X>t)dt§/ A fn > t)dt + (b— a)N (| X — fu| > ¢)
a+e a

b—e
g/ M(X > 1)t + 20— )V (X = fu] > o)

by [4, 3.2.8.(iii)]. Thus, f (X > t)dt = f A*(X > t)dt and

b
/ N(X > #)dt = n}ln/ AN > t)dt = 117131/(m fo—a)td) = /(b/\ X — a)*dx.

a

Thus [;° M\ (X > t)dt = [[° A (X > t)dt = [ X TdXso that [ A(]X]| > ¢)dt < co and (7) holds. [

Proving uniqueness of the finitely additive set function generating a given class of integrals
requires to identify a minimal measurable structure associated with a given family of functions,
a not entirely standard problem under finite additivity. We make this idea precise based on an
appropriate notion of order. If (&7, \) and (4, ) are measurable structures on the same underlying

space then (upon identifying £ with its extension to Z(€)) we define the partial order < by writing
9) (o, A) X (A,£) whenever & C A(E) and &l = A

Speaking of a minimal measurable structure always refers to the above defined partial order.
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Lemma 3. Let 7 be a Stonean vector sublattice of F(2) and ¢ € £(H)+. The family M(¢) of

measurable structures (<7, \) on Q satisfying
(10) A C LY)\) and /hd)\ =¢(h) heA,
is either empty or contains a minimal element (Zg, \p).

Proof. Assume that (&7, \) € M(¢) and denote by Z(, \) the smallest ring containing
(11) Ho(H ) ={{h>1t}:he A, teD(hN),t>0}

Write Ay = M Z(H,N). @ € Ro(H,\), as A is Stonean. We claim that (Z(7,\), \x) is a
minimal element in the collection 9t(¢).
Suppose that (£,£) € M(¢p). Fix h € H#, and consider the classical inequality

hAb—hAa
N
By the Stone property, the inner term belongs to 7, so that co > A.(h > a) > £*(h > 1), by (4).
Choosing a and b conveniently and interchanging A with & we establish that D(h, A) N (0,00) =
D(h,£) N (0,00) and that

(12) ]1{h>a} > > ]l{th} heA,b>a>0.

Nh>t)=(h>t)=&(h>t) = \(h>1t) teDhN), t>0

so that Zo(A,\) C B(&). For i = 1,2 pick h; € #%, t; € D(h;,\) and t; > 0. Fix t; Ata >n >0,
define hy = (h1 — (t1 — 77))Jr V (hg — (t2 — 77))Jr and, since the sets D(hy, \) are dense in R, choose

Se(0tiAtln@N (] D(hy,N).

neQN(0,t1 Ata]

Then 6 € D(hs,\), hs € S and {hy > t1} U {hg > to} = {hs > 0}. In other words Zo(J, \)
is closed with respect to union and, by a similar argument, to intersection as well. Because A and
¢ are additive and coincide on %Zy(.#, A) they also coincide on Z (7, \), [4, Theorem 3.5.1]. Let
h € #, and t > s. Then h is A y-tight because h € L'(X). If s < 0 then Aypu(h > 5) > X5, (h > t).
Otherwise there are t', s’ € D(h,\) with t > ' > s’ > s and therefore

Ax(h > 8) > Ap(h > 5") > Aop(h > 1) > Nyp(h > t).
By Lemma 1 h is thus A y-measurable and therefore [ hd\, = [ hdX. O

The minimal structure (Z (7, \), A\») constructed explicitly above will generally depend on A.
However, since D(h, ) is dense, the o ring generated by Z(.#°, \) corresponds to the usual notion

of the o-ring generated by the family 7.

Lemma 4. Let g € F(Q)4 be A-measurable and define the ring Zy = {A € o/ (X) : gla € L'(\)}.
There exists a unique A\g € fa(%y)+ such that

(13) /ng - /fgdA fEBO), fge L'V,
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Proof. (13) implies A\g(A) = [LgdX for every A € %, and thus uniqueness. In proving (13)
we may assume that f € B(N)1. Let (fn)nen be an increasing sequence in .#(7(\)) such that
0 < f, < f and f,, converges to f uniformly, obtained as in (6). Then f, is A- and Ag-convergent
to f. Moreover, f, and f,g are Cauchy sequence in Ll()\g) and L'()). O

The preceding results may be exploited to prove the existence of distributions.

Proposition 1. Let p € fa(o/);, X € F(Q,S) and H a Stonean vector sublattice of F(S). There

exists a minimal measurable structure (%, m) on X[Q] satisfying
(14) he LY(m) and /h(X)du = /hdm he A, h(X)e L'(p).
Moreover, m is countably additive whenever: (i) p is countably additive or (ii) S is a topological

space, 7 C €(S) and either (a) X is p-tight or (b) 7 C €k (S).

Proof. Upon replacing # with {h € 57 : h(X) € L'(u)} and noting that the latter is itself
a Stonean sublattice of F(S) there is no loss of generality in assuming #[X] C L'(u). Define
¢ € £()+ implicitly via ¢(h) = [ h(X)dp and Z(#°[X],p) as in (11). Let

(15) #Z={BcCcX[Q:X '(B)eZ(#|X],n)} and m(B)=wXeB) DBeX

Then (%Z,m) is a measurable structure on X[Q] and D(h(X),u) = D(h,m) for every h € .

Lemma 1 implies that h € 7 is m-measurable; by Lemma 2

/ h(X)dp = / w(h(X) > t)dt — / w(h(X) < t)dt
D(h(X),1)(0.00) D(h(X).1)(~o0,0]

= / m(h > t)dt — / m(h < t)dt
D(h,m)N(0,00) D(h,m)N(—00,0]

~ [ ham

so that ¢(h) = [ hdm. By Lemma 3 there is a minimal measurable structure with this property.
¢ is a Daniell integral when p is countably additive. To prove the same under (i) we follow
Karandikar [20] and [21] quite closely. We only need to consider case (a), as the restriction to
compact sets is obvious under (b). Let the sequence (hy)ien in 7 decrease to 0. For each n € N,
let A, € o7, A, C {X € K,} and p(AS) < 27", for some K, C S compact. Then, hy(X)14,
converges uniformly to 0 and, by absolute continuity of the finitely additive integral [15, I11.2.15],

lilgn/hk(X)d,u = lilgnlim/hk(X)]lAndu = limlilgn/hk(X)]lAndu =0
which proves the Daniell property. ]

When 77 is Stonean the minimal measurable structure on X[Q] of Proposition 1 may be written
as (%%, 115y,). Letting H be the directed set of all Stonean vector sublattices 52 of F(S) we obtain

(16) 2

so that, in the language of [8], (u%, : # € M) is a finitely additive martingale.

R =y A EH, HCH
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Claim (4i) was originally formulated, for the case S = Q = R, by Dubins and Savage [13, p.
190] who refer to m as the “conventional companion” and to the tightness condition as p not being

“partially remote”. Karandikar [20] revived their proof and extended it to the case S = R? in [21].

4. INTEGRAL REPRESENTATION OF LINEAR FUNCTIONALS

We obtain in this section a general theorem concerning the integral representation of linear

functionals on vector spaces. Several results in the next sections will follow from this claim.

Theorem 1. Let # be a vector space and ¢ € £(H). Assume that T € £(HA,F(Q)) satisfies
(17) Vhe s, 3N € A  such that |Th| <TH

and write L = {f € §(Q) : |f| < Th for some h € #'}. The condition

(18) ¢(h) <0 implies igf(Th)(w) <0 he

is necessary and sufficient for the existence of (i) F+ € £(L)y with FX[L NB(Q)] = {0} and (i)
a measurable structure (#, ) on Q such that L C L'(u) and

(19) ¢(h) = F+(Th) + /Thdu he .
Proof. T[] is a majorizing subspace of the vector lattice L, by (17). Under (18), writing
(20) F(Th) =¢(h)  het

implicitly defines a positive linear functional on T'[.7°]. By [1, Theorem 1.32], F' extends as a
positive linear functional (still denoted by F') to the whole of L. For each a C JZ finite, let
ha € H be such that Tha > /)¢, [Th|, Qo = {Tha # 0} and define I, € F(L,F()) by letting

 fw)
Io(f)(w) = The (@) fel, we,.
Let also
(21) Lo ={f€L:|f| <cThy for some ¢ >0} and H, = I,[La].

H, is a sublattice of B(f),) containing the constants; f,g € L, and I,(f) > I,(g) imply f > g.

Thus, upon writing

(22) Ua(Ia(f)) = F(f)  f€ La
we obtain yet another positive, linear functional U, on H,. [9, Theorem 1] implies
(23 Un(la()) = [ TaP)ima F€ Lo

for some mqy € ba(Qqy)+. Let mo(A) = ma(AN Q) for each A C . By Lemma 4, we can write
(with the convention 0/0 = 0)

(24) F(P) = [ pta,dmng = [ fdpa € Lan®(@)
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with fiq = mq g defined as in (13) with g = 1, /Thq. Given that L, N B(2) is a Stonean lattice,
we deduce from Lemma 3 the existence of a minimal measurable structure (Z,, 1o) supporting the
representation (24). Define Z = |J, Zo and p(A) = lim, pa(A) for all A € Z. o C o implies
Lo C Loy (Zos b)) = (R her) as well as the martingale restriction

!/

(25) fo = po! | R = 1| Ra acCo.
But then for each f € L, with f > 0,

F(f) =lim F(f A k) +lim F((f — k)")
(26) = li,gn/(fAk)duﬂLFL(f)
— [ tau+ F(p)

where we have set F-(f) = limy F((f — k)*) and the inequality p*(f > k) < k™' [ f A kdu <
k~'F(f) induces the conclusion that f Ak is p-convergent to f and is Cauchy in L*(u). [ |f|du <
F(|f]) follows from (26) and implies L C L' (). (32) is a consequence of (20) and (26). Necessity

is obvious as the right hand side of (32) defines a positive linear functional on L. O

Condition (17) is trivially true when . is a directed vector space — i.e. an ordered vector space
which is directed by its own partial order — and 1" a positive map. An immediate corollary is the

following representation of positive linear functionals on vector lattices that may fail to be Stonean.

Corollary 1. Let 5 be a vector sublattice of F(Q), L = {f € () : |f| < h for some h € A’}
and ¢ € L(H) ;. There exists ¢+ € £(L)1 with ¢~[L N B(Q)] = {0} and a measurable structure
(%, 1) on Q such that

(27) LcLl(y) and 6(h) = () + / hdp  he .
If S is Stonean then ¢ is unique and (Z, 1) can be chosen to be minimal.

Proof. Take T to be the identity map in Theorem 1. If 7 is Stonean then ¢ is unique since, from
(27), one obtains [ hdp = limy, [(h A k)dp = limy, ¢(h A k) for each h € ;. O

(18) is a minimal condition and simply requires that ¢ and 7' do not rank the elements of %
in a totally opposite way. It will appear in various forms in later sections and, following Dubins,
we shall refer to it by saying that ¢ is T' conglomerative. To make the connection with the work of

Dubins [14] more transparent we establish the following version of the problem considered by him:

Corollary 2. Let (%, ) be a measurable structure on S x Q and S a Stonean sublattice of L*(\).
Let {0y, :w € Q} C £(IH)4. The condition

(28) /hd)\ <0 implies info,(h) <0 h et
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is equivalent to the existence of a measurable structure (%Z,~y) on 0 such that

(29) / hd — / cu(h)dy  he .
Proof. Apply Theorem 1 with T' € §(,F(2)) defined as Th(w) = g,(h). O

Dubins considered the case with J# = B(S5) and 2 a partition of S. The family ¢ indexed by
Q is a strategy in his terminology and a probability A admitting the representation (29) is called
strategic. Theorem 1 in [14] states that A is o strategic if and only if it is o conglomerative.

An inductive limit version of Theorem 4 can also be easily proved.

Corollary 3. For each « in a directed set A, let 7, be a vector space, ¢ € £(F%) and let Ty €
£(,, £(Q)) satisfy (17). For each a, 8 € A with o < B let it be defined a map xap € L(Ho, H3)
satisfying Xaa = id, Xay = Xag * Xy for a < B <7 and

(30> ¢o¢ = ¢,8 * Xop and Ta = TB * Xop a < 5
Write L ={f € §(Q) : | f| < Toha for some a € A, hy, € H#,}. The condition
(31) da(ha) <0 implies inf Tyho(w) <0 ho € 7, a2

is necessary and sufficient for the existence of (i) F+ € £(L)y with FX[L NB(Q)] = {0} and (ii)
a measurable structure (%, 1) on 0 such that L C L' (i) and

(32) ba(ha) = F£(Tuha) + / Tohody 0 €, ho € .

Proof. If (, (Xa)acau) denotes the inductive limit of the directed family (., xa8)aca then, given
(30), it is possible to define ¢ € £(7°) and T € £(,F(§2)) by letting

(33) ¢(Xahoc) = ¢a(ha) and T(Xaha) = Ta(ha) a e, hy € .

It is then clear that T' satisfies (17) and that (31) is equivalent to ¢ being T conglomerative. [

5. EXTREME POINTS AND CHOQUET REPRESENTATION THEOREM

Conglomerability may be formulated geometrically in terms of the X-topology, [15, V.3.2]. De-
note by con~ (F) the X-closed conical hull of the set F' C §(X). The function e, € F(F) satisfying
ex(f) = f(z) for each f € F is an evaluation on F.

Theorem 2. Let X be a vector lattice and let ¥ C £(X)4 satisfy supyey (r) < oo for every
x € X. Denote by Z the o ring on ¥ generated by the evaluations {e, : x € X} on V. Then,

(34) ® C con™ (V)
if and only if each ¢ € ® admits the representation
(35) 0@ = [ w@inew)  vex

with g € fa(#)4+ countably additive and such that the evaluations on ¥ are pg-integrable.



10 GIANLUCA CASSESE

Proof. By ordinary separation theorems ¢ ¢ con* (V) is equivalent to ¢(z) < 0 < infyey ¥(z) for
some z € X and contrasts with (35). Thus if ¢ € con*(¥) then for each z € X there is ¥, € ¥ such
that ¢(z) < 0 implies 1z(z) < 0. Define T € £(%,F(X)) and U € F(X, ¥) implicitly by letting

(36) Ta(y) =U(y)(z) = dy(x)  zyeX.
Then ¢ € ® is T' conglomerative, T'[X] C B(X), as sup,cx [T7(y)| < supyey [ (7)] < oo, and (17)
follows from |T'z|(y) = |y(x)| < ¢y(Jz|) = T|x|(y). Theorem 1 applies and (32) translates into

(37) o) = [ Tatwyima) = [

U @ame) = [eim,  aex
for some my € fa(X)y such that {e,(U) : @ € X} C L'(my). Denote by 2 the space £(X) endowed
with the X-topology and let (z@(b, fiy) be the minimal measurable structure on ¥ that satisfies (14)

with X = U, 7 = ¢(2), S = £(X) and Q2 = X. From the inclusion e, € 6(2)) we conclude:

o) = / o (U)ding = /W e (1)dfig () = /m V(@) dfis ()

Since V is relatively compact in the X-topology, [15, V.4.1], U is my-tight. By Proposition 1.(4).(a),
fi¢ is then countably additive and can be uniquely extended as a countably additive set function fig
on the generated o ring, @d). By the remarks following Lemma 3, %74) contains the o ring generated
by {h € €(9) : h(U) € L' ()} and, a fortiori, Z. 1t is then enough to set uy = fip|Z. O

Upon rewriting condition (18) in Theorem 1 in the form ¢ € con” ({T,, : w € Q}) it is apparent
that (34) is just a geometric reformulation of the notion of conglomerability. Theorem 2 thus
asserts that ® is ¥ conglomerative if and only if each ¢ € ® is the generalized barycenter of some
set function 4 concentrated on W where the qualification generalized, suggested by Dynkin [16],
refers to ps not being a probability.

The conical hull and the X-closure make the inclusion (34) a very weak restriction. While
Theorem 2 extends thus well known results which typically involve the strong closure of the convex
hull, we highlight that the set function intervening in the barycentrical representation (35) need
not be unique here as the collection of evaluations is too poor to deduce some minimality criterion.
Moreover, the lattice structure imposed on X and the restriction to positive functionals are essential
in avoiding additional topological assumptions such as strong compactness (see e.g. [23, p. 14]),
separability or the Radon-Nikodym property (as in [17, p. 355] or [18, corollary 5.3])".

We now prove a version of the preceding Theorem 2 in which every notion of order is abandoned.

Theorem 3. Let U,V C %) be non empty sets and let 7 C F(Q)) separate points of Y and satisfy

(38) sup |h(v)| < oo forall he# and suplho(y)] =00 for some hye H.
veV y<Y

Write o(F|V') for the o algebra generated by 7|V = {h|V : h € A}. The following are equivalent:

L Another version of Choquet theorem valid under weak topological assumptions is the one proved by Dynkin [16,

Theorem 3.1], based on a separability condition (for measures) and the notion of H-sufficiency.
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(i) each uw € U admits a net (t2)qeu of convex weights on V' such that
(39) h(u) = liénz h(v)nl(v)  heH
(it) each w € U admits a probability ju, € ca(X) such that |V C L (p,) and
(40) h(u) = /Vh(v)d,uu(v) h et
If H is a Stonean lattice, the probability p.,, associated with u € U wvia (40) is necessarily unique.

Proof. (i) follows from (4i) and ordinary rules of integration. For the converse, write

N
(41) X = {bo—i-anhn N eN, by, by,....bx €R, hy,...,hN E%ﬂ}
n=1
to denote the set of affine transforms of elements of .. Define the function x € §(2), £(X)+) by
N N
(42) (ky)x = by + Z bnhn () ye, x="by+ Z bphp, € X
n=1 n=1

and write U = k[V] and ® = k[U]. Observe that (39) is equivalent to the inclusion
(43) d C cot (D)

We deduce from (38) that () ¢ co* (k2 + ¥) for some z € 9. Let f = rz. By ordinary separation
theorems, there exists xg € X such that (f + ¥)[zo] > 1. Fix ¢ € . As in the proof of Theorem 2,
the inclusion f + ¢ € co*(f + ¥) implies the existence of an operator Ty € £(X, (X)) as in (36)
with respect to which the set f 4+ ¢ is congolomerative. To show that Ty satisfies (17) observe that

Tox(y)| = [(f +¢y)(@)] < sup [(F + ) @)I(f + ty) (o) = Ty (y)

with & = ¢ supyey |(f + 1) (7). We are then in the position to apply (35) and obtain, for ¢ = ru,

(44) st 2) =@+ @) = [0+ D@dno= [ 2o+ 2)dn,  wex

with p, = pg € fa(#£)+ countably additive and # the o ring on V' generated by #. Given that
X contains the constants, we deduce | 1| = 1 and that

(45) h(u) = / ho)dpe b e .

Z may be replaced with o(J#|V') and p,, with its unique extension to it defined by u, (V) =1. O

Without an order structure the conical condition (34) is replaced with the more restrictive
inclusion (43), similar to that considered by several other authors. In particular, if ) is a linear
space and J# consists of affine functions, then (39) is equivalent to the more explicit and familiar
condition U C @7 (V). Most papers on Choquet theorem take ) to a be a locally convex,
topological vector space (often just a Banach space) and 57 its dual 9*. In this special case

Theorem 3 may be rephrased into the following minor extension of a result of Edgar [17, p. 355]:
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Corollary 4 (Edgar). Let V' be a bounded set of a locally convex space. Then u € ¢ (V) if and
only if w may be represented as the barycenter of a countably additive probability supported by V.

In particular, in Banach spaces possessing the Radon Nikodym property (and thus the Krein
Milman property [7, 3.3.6]) the validity of the preceding Corollary extends to closed, convex and
bounded (but not necessarily compact) sets. By a theorem of Phelps [7, 3.5.4], a set with such
properties also admits a barycentrical representation with respect to the set of its strongly exposed
points. Eventually in Banach spaces, in which a well developed theory of vector integration is

available, the integral in (40) may be interpreted as the Bochner integral

(46) u= /vd,uu

of the identity on V, as remarked in [24].

6. FINITELY ADDITIVE REPRESENTATIONS

Theorem 4. Let m € fa(X)y, 5 a Stonean vector sublattice of L'(m) and X € F(Q,S). There

1s equivalence between the condition

(47) / hdm <0 implies infh(X(w)) <0  heH
w

and the existence of a minimal measurable structure (%, u) on § satisfying

(48) h(X) e L'Y(yu) and / hdm = / Y h € .

and either one of these properties is implicit in m*(X[Q]¢) = 0. Moreover, if m is countably

additive, ¥ a o ring and m.(X[Q) = 0 then u is countably additive.
Proof. (47) is equivalent to (18) with
o(h) = /hdm and Th=h(X) het

Thus, (48) follows from (32) after noting that, in the present setting, ¢(h) = limy ¢p(h A k) for every
h € .. If (Bp)nen is a decreasing sequence in ¥ with X[Q]¢ C B,, and m(B,) < 27" and if
h € € then

/hdm = lim/h]lB%dm > i)%fﬂ} h(s)limm(By,) > inf h(X (w)) limm(By,)
n s€ n w n

Suppose that m is countably additive, 3 a o ring and that m,(X[Q]¢) = 0. Let (hy)nen be a
sequence in S with h,(X) decreasing monotonically to 0. If g € 7 and t € D(g,m)ND(g(X), ),
then from (15)

(49) {g>1t} € ¥(m), {g(X) >t} € Z(n) and m(g>t) = p(g(X) >1).
We thus have a dense subset of ¢ > 0 for which the following holds:
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By countable additivity, the sequence (hy)nen is thus decreasing m a.s. to h = inf, hy,. If ¢ > 0
then {h > ¢} C X[Q]¢ and {h > ¢} € ¥ so that, by assumption, 0 = m(h > 0). But then
limy, [ hy(X)dp = lim,, [ hpdm = [ hdm < 0 and the functional ¢ above is a Daniell integral. [

The problem of finding a probability space and a random variable on it with a preassigned
distribution is often part of more general problems, e.g. the Skorohod representation theorem, see
section 7. We remark that n the absence of restrictions on pu, the existence of representations is
guaranteed a very weak condition such as conglomerability. If, e.g., X[Q2]¢ € ¥, then in order for X
to represent m relatively to the whole of L!(m) it is necessary and sufficient that m(X[Q]¢) = 0. If
m consists of sample frequencies, then this condition means that all the observations in the given

sample must belong to the range of X.

Example 1. Let 2 = S =N, let &/ = X be the algebra of finite-cofinite subsets of N and define
implicitly the probability p € ba(?) by letting u(N) = 0 whenever N is finite. It is easily seen
that h € LY(u) if and only if (h(n))nen is a convergent sequence and that then [ hdu = lim, h(n).
Define X € §F(2,5) by letting X(n) = 2n+ 1 so that X[Q] coincides with the set of odd numbers.
It is obvious that, for A,B € < the inclusions A C X[Q] C B imply that A is finite while B
is cofinite. Thus, u(X[Q]) = 0 while p*(X[Q]) = 1. Moreover, inf,, h(X(n)) < fhd,u so that
condition (34) of Theorem 4 holds and in fact [ hdp = lim, h(n) = lim, h(2n + 1 = [h(X

Example 2. Let (2,47, P) be a classical probability space, S = R and let X be a normally dis-
tributed random quantity on Q. Fiz m € ba(%(R)), arbitrarily and let # = €(R) N L*(m).
Given that P(X € B) > 0 for every B open, we conclude that m is X conglomerative relatively to
F€. In other words a normally distributed random quantity can assume any arbitrary distribution

(relatively to the continuous functions) upon an accurate choice of the reference measure.

It is possible to write m = p+r with p*(X[Q]¢) = r.(X[2]) = 0 (so that p L r) by simply letting
(50) r(B) = inf {m(B NE):EeX, X[Q°C E} BeX.
From this remark we obtain,

Corollary 5. Let m € fa(X)+ and X € F(Q,S). There exist v € fa(X)4 with r(X[Q]) =0, a

measurable structure (%, u) on Q such that

(51) h(X) e L' (p) and /hdm /hdr+/ Y h € L'(m).
The decomposition (51) is unique if and only if X Q]

Proof. Existence is clear, given (50) and Theorem 4. If 4~ denotes the distribution of X induced by
p (relatively to L'(m)), then u (X[Q]¢) = 0. If X[Q] € ¥ and if # and /1 is another pair satisfying
(51), then |r — 7| (B) = |r — 7| (BN X[Q]) + ’,uX - AX’(BOX[Q]C) = 0 for every B € X. Conversely,
assume that X[Q] ¢ X(m). Then, letting > be the minimal algebra containing 3 and X[()], there
exist two extensions m! and m? to ¥ with m!(X[Q]) = m*(X[Q]) and m?(X[Q]) = m.(X[Q]),
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see [4, Theorem 3.4.4]. Denote by 7 and i’ the set functions satisfying (51) associated with m’
for i = 1,2 and let r* = #|¥ and u’ = p*|% for i = 1,2. Then, r* and u’ still satisfy (51) while
pH(Q) = A (X[Q]) = m*(X[Q)) > m.(X[Q) = u2(Q). O

The following is an extension of the notion of conventional companion.

Corollary 6. Let X € F(2,5), p € fa(«/)y and a Stonean vector sublattice 7 C §(S) satisfy
H[X]) C LY (). Let W be a non empty set and Z € (W, S). The condition

(52) /h(X)dM <0 implies infh(Z(w)) <0 h et
is equivalent to the existence of a minimal structure (%,\) on W such that
(53) P AVAR O /h(X)du = /h(Z)d)\ he .

Moreover, X is countably additive whenever (i) u is countably additive, (ii) X is p-tight and F C
C(S) or (i) 7 C €k (S).

In Theorem 4 the representing measure p is completely unrestricted. A possible mitigation is to
require that p vanishes on a given collection .4 of subsets of €. Let henceforth .4 be an ideal of
subsets of 2, i.e. Ny M € 4 and A C N imply NUM,A e V.

Theorem 5. Let m, 57 and X be as in Theorem 4. The condition
(54) /hdm <0 implies sup inf h(X(w)) <0
Ney weNe¢

is equivalent to the existence of a measurable structure (Z,u) on Q with N C X which satisfies

(55) W A] = {0}, A(X)eL'(n) and / hdm = / Y he .

Moreover, if m is a countably additive set function on a o ring, A is closed with respect to countable
unions and m.(X[N€|¢) =0 for all N € A then p is countably additive.

Proof. Define the binary relation = on §(€2) by letting for each f, g € F(Q?)

(56) f > g if and only if ]\?lelgywle%\f/c(f g)(w) > 0.

Since .4 is an ideal, > is a partial order and f > g implies f > g. Moreover, f; = g; for i = 1,2
implies f1 V fa = g1 V go. In fact, f1 V fo = fi = g; i.e. f1V fo > g; — e outside of some N; € A".
Thus, f1V fo > g1V ge —e outside of Ny UNy € 4 which, by (56), is equivalent to f1V fo = g1 V ga.
But then, if fdenotes the class of elements of F(2) equivalent to f, it is easy to see that, relatively

to pointwise ordering, the set
(57) g":{feg(ﬂ):fehf(s(/)forsomehet%”}

is a Stonean vector sublattice of F(€2). Writing

—_~—

(58) 6(f) = /hdm Feh(X), he #
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implicitly defines, via (54), a positive linear functional on .% so that, by Corollary 1, we conclude

that there exists a minimal measurable structure (%, 1) satisfying

(59) feL'u) and () = / flu  feF

If N e .4 then 1y €0, 1y € .% and u(N) = 0. Then (55) follows while the converse implication,
is obvious.

The last claim will be proved, once again, by showing that under the stated conditions the
functional ¢ defined in (58) is a Daniell integral over .%. In fact, let (f,)nen be sequence in %
decreasing pointwise to 0. Let h, € 4 be such that f, € m, n = 1,2,.... Define g, =
Algjgn hj. As shown above, f, € g:(\/X) Let g = lim,, g,. Of course, f,, = g(X) so that, by the
countable union property, {g(X) > e} C U, {9(X) > fn+e} € A and {g > e} C X[{g(X) < e}]"

By assumption then, m(g > ¢) = 0 and so

hm/fnd,u = hm/gn )dp = hm/gndm /gdm =0.

Example 3 (Example 2 continued). Let X be normally distributed on some classical probability
space (Q, 9/, P) and let A consists of all P null sets. The set X|N| has empty interior for each
N e At ie. XIN¢] =R so that

0

sup inf A(X(w))= sup inf h(s)= sup inf A(s) = inf h(s) h € €(R).
Ney weN¢ Ne.y s€EX[N¢] NeV seX[N€] s€R

The conglomerative property (54) then holds for every m € fa(#(R))4+ with # = € (R). Thus,
the representing measure (Q under which X assumes the distribution m may chosen to vanish on
P-null sets. If, in addition, m is countably additive then Q@ < P. Of course the same conclusion

would be true of any variable possessing a strictly positive density over the whole of R.
Theorem 4 may be extended to stochastic processes.

Theorem 6. Let a family % of finite subsets of some set I be directed by inclusion. For eacht €1,
let Z; be a ring on some non empty set Sy and X, € F(Q, S;). For each o € I write

(60) Sa= XS4, o= Q% and X,= x X,
tca tea tea
let o be the projection of S onto S, and let 7, a Stonean vector sublattice of F(Sa) such that
(61) {homa:he A} C{Womg:h' €3} a C f.
Assume that the family (meq : o € T), my € fa(%a)+ is projective, i.e.
(62) m/g(B X S,B\a) = ma(B) aCfB, BeX,.
The condition

(63) /hadma <0 implies igf ha(Xa(w)) <0 a €T, hy € 5,0 LY (my)
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is equivalent to the existence of a minimal measurable structure (<, ) on Q such that
(64) / hadimg = / ha(Xa)dp  he € H0 L (ma), acT.

If, for each o € Z, my admits a countably additive extension m, to the generated o algebra

satisfying Max([Xo]¢) = 0 then p is countably additive.

Proof. (64) follows from Corollary 3 once we identify ¢, with the m, expectation, x, with the
adjoint 7, of the projection 7, and upon writing T, (ha) = ha(Xs). In fact,

/ hadma = / 7 e (X )dp = / ha(To(X))dp = / ha(Xa)dp

If each 77, is Stonean then 7 = J,c , 75[7%] is a Stonean vector sublattice of §(S). From this

we deduce the minimality property. O

The preceding result has immediate implications for Brownian motion.

Corollary 7. Let X = (X; : t € Ry) be brownian motion on some filtered probability space,
(Q,F,(F :t € Ry),P) and let (my,,. 4, < t1,...,t, € Ry) be a projective family with my,, .+, €
fa(B(R™)). There exists a probability space (Q, 7, Q) such that

(65) mey ...t (B) = Q(Xt17 ce 7th € B) B e %(Rn)

Proof. 1t is enough to remark thatif o = {t; < ... <t} CRy, {s1,...,5,} CRandif BC R"isan
open set containing {si,..., s, } then there exist open sets By, ..., B, C Rsuch that s, —s,_, € B;
fori=1,...,n (and s = 0) implies {s],...,s],} € B. Given the property of normally distributed,

independent increments, P(Xy,,..., X, € B) > 0. Thus, the conglomerability condition (63) is

n

satisfied for all hy continuous. This is enough to prove the claim. O

7. APPLICATIONS TO PROBABILITY

In this section we first investigate the classical problem of Skhorohod which has been studied by
a number of authors too large to give exact references. We have been influenced by the work of
Berti, Pratelli and Rigo [3]. The starting point is the construction of a universal representation for

the case of a separable space.

Corollary 8. Let U € F(Q) with U[Q] having non empty interior and let S be a separable,
topological space. There exists a Borel function H € F(R,S) with countable range and such that
X = H(U) represents m relatively to €(S) N L*(m) for every m € fa(X)4.

Proof. Given that [a,b] C U[Q)] for some a,b € R then, upon replacing U with a suitable continuous

transformation, we can assume that U[Q2] = [0,1]. Let Sy be a countable, dense subset of S and

t € F(N, Sp) an enumeration of Sy. Define,

(66) G(z)=inf{fneN:1-2"" >z} x€(0,1) and H=10G.
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H maps (0,1) onto Sp. Moreover, if we endow N with its power set then both G' and ¢ are Borel —
since G~'(n) = (1—2""1 1 -27"] — and thus so is H. If h € €(S) N L*(m) and [ hdm < 0 then
{h < 0} is an open, non empty subset of S and as such it contains some element ¢(ny,) of Sp. The set
Bj, = {w: U(w) € G~(ny,)} is non empty (as U[Q] = [0, 1]) and coincides with {w : X (w) = ¢(ns)}.
Thus, By, C {h(X) < 0} so that m is X conglomerative relatively to ¢(S) N L'(m). O

Corollary 8 extends to the case of finite additivity and of a separable state space the classical
idea of generating a random quantity with given distribution by applying to a uniformly distributed
random quantity the inverse of the corresponding cumulative density function. Interestingly, we
obtain that the same function X represents all possible distributions relatively to the class of
continuous functions and for some suitable set function p. Let us also mention the possibility of
dropping the condition that S is separable by assuming that m is supported by a measurable,
separable subset of S.

We highlight the advantage of doing without measurability. Constructing a function such as U
in Corollary 8 is a rather trivial exercise as long as €2 has the right cardinality. Requiring that U
is uniformly distributed on the unit interval under some classical probability measure P, as in the
following Theorem 7, requires, in contrast, additional assumptions — see e.g. [2] where P is taken
to be non atomic.

The following result is inspired by [3, theorem 3.1].

Theorem 7. Let S be a normal, separable topological space and (2,7, P) a classical probability
space supporting a random quantity U uniformly distributed on (0,1). Let either m € fa(X)+
be countably additive or S be compact. There exists a Borel function g € §((0,1),S) such that
X =g(U) is supported by (2, o, P) and

(67) / hdm, = / h(X)dP  he€(S)N LY (m).

Proof. 1If S is compact then the restriction of m to 2 (€(S)NL*(m), m) is countably additive. Let H
be the map defined in (66). Then, as was shown in the proof of Corollary 8, m is H conglomerative
relatively to €(S) so that, by Theorem 4,

(68) / hdm = / Yy h e E(S)N LY (m)

for some countably additive p € fa(#)+ and #Z an appropriate ring of subsets of (0,1). We claim
that cZ = 2((0,1)). Recall that 0% is generated by sets of the form {h(H) > t} which are Borel
since h is continuous and H is Borel. Conversely, if 0 < a < b < 1 then the set H[(a,b)] is a finite
subset of S — and therefore closed. For any other finite subset F' of H[(a, )] we can find a function
f € §(S,[0,1]) such that f =1 on H[(a,b)] and f = 0 on F. Thus (a,b) C {f(H) > 1} € 0Z.
Since H[(0,1)] is countable we find a sequence (fy,)nen of such functions each vanishing on a finite
subset of H{[(a,b)] so that the intersection (1,{f.(H) > 1} is again an element of 0% and coincides
with (a,b). In other words, we can assume that p is defined on the Borel sets of (0,1). From the

classical Skhorohod theorem, we deduce the existence of an S valued random quantity Z supported
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by ((0,1),4((0,1)),A) (with A the Lebesgue measure on (0, 1)) and admitting u as its distribution,
i.e. A = p. On its turn, A = PY. A repeated application of Theorem 4 with ¢ = H o Z and
X =g(U) gives

/hdm: /h(H)du = /h(g)dA = /h(X)dP h € €(S)N L' (m).

Thus the random quantity X is supported by (€2, <7, P) and represents m relatively to €(5). O

8. CONVEX FUNCTIONS

Eventually, we turn attention to convex functions. For f € F(R) we denote by DT f and D~ f
the right and left derivatives and by f(z+) and f(z—) the right and left limits at x, provided such

quantities exist.
Theorem 8. Let X € F(2) and ¢ € F(R) and fix x¢ € arginf g (). For each u,v € R define
(69) hio(z) = (v—2aV u)+ll{x>x0} —(wAz—u) x e R.

Let A be an ideal of subsets of Q and Zx the o ring o({s < X <t} :s,t € R). The following

properties are mutually equivalent:

(i) ¢ is conver and {u < X < v} € A implies D~ p(v) < DT p(u);
(ii) there exist yg ,y, € R and a measurable structure (%,)) on Q such that (a) N C Z and
A A = {0}, (b) lim, A*(|X — z0| <27™) =0 and (c) for allv > u

(70) ho(X) € LX) and  ¢(v) — ¢(u) = yg hy(zo+) + yg hy (o) +/hZ(X)d>\

Moreover, if xo € R and {|X — xo| < ¢} € A for some ¢ > 0 then yg =yy ;
(iii) there exist yg ,y, € R and v € fa(%x)+ countably additive such that (a) v(X € A) =0 for
A open and X~Y(A) € A and (b) for allv > u

(71) ho(X) € L'(v) and  ¢(v) — p(u) = yg by (zo+) + yg hiy(wo—) + /hZ(X)dV
Moreover, if xg € R and {|X — xo| < ¢} € A for some ¢ >0 then yg =y .

Proof. (i)=(7i). Set conventionally

Dt p(0) = D7 p(c0) = lim DT p(x) and DT p(—c0) = D p(—00) = lim DT p(x)

T—00 T——00
and observe that necessarily | D" (z0)|, |D~¢(x0)| < co. Put yg = DT p(z0) and y5 = D¢ (x0).
If zp € R and {u < X < v} € A for some u < g < v then by assumption Dt p(xg) < D™ ¢(v) <
DFp(u) < D™p(x0) so that y +y, = 0. Write D = {t : D~ p(t) = D ¢(t)} U {zo} and define
Ay ={u< X <uzo}, A = {zp < X < v} and

(72) Ry = {(AumNg) U(A*NNEYUN w0 €D, Nu,Nv,NEJ/}.
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It is clear that %y contains .4 (upon taking u = v = x¢) as well as {A,, AV : u,v € D}. Moreover,

it is routine to verify that % is closed with respect to union and intersection with

(73a) Hy U Hy = (Aujpus NNS) U (A2 A NS) UN
(73b) Hi N Hy = (Ayyvuy N NS U (A2 ANS) UN

whenever H; = (Ay, N NE) U (A% N NS) UN; € %y for i = 1,2. Write F(z) = [DVp(z V x) —
Ya | + [De(z Axo) — yg | and

(74) M(H)=F(vVxy) —FluhNzg) when H=(A,NN;)U(A"NNS)UN € %.
To see that )\ is well defined observe that if u; A zg < ug A 2y and
(Au, NN ) U (A" NNS ) UNy = (Ay, NNS) U (A NNS,) UN, € %o
then {u; Azg < X <wug Az} € 4. Thus by (i) and the fact that uj,us € D and that u; < xo,
D™ p(us Axg) = D™ (ug Axg) ie. F(up Axg) = F(uz Axp)

and likewise F'(v1 V zg) = F(va V xg). In other words Ao € fa(%y)+ with A\[.4] = {0}. Moreover,
if Hy, Hy € % then by (73)

)\0(H1) + )\0(H2) = F(U1 V l‘o) + F(’U2 V ZE()) — F(u1 VAN :L’o) — F(UQ VAN $0)
:F(Ulvavxo)-l-F((vl/\Ug)on)—F((ul\/UQ)/\xo)—F(ul/\UQ/\l’o)
= Ao(Hl U Hg) + )\0<H1 N HQ)

ie. Ap is strongly additive on Zy. It follows from [4, 3.1.6 and 3.2.4] that Ay admits a unique
extension \; € fa(Z#1)4+ to the generated ring #;. Let I be an interval with endpoints in RU{zg}.
Given that D is dense in RU {zo}, \*(X € I) < co. By [4, 3.4.1 and 3.4.4] we obtain a further
extension A € fa(Z)+ to the ring Z = {A C Q: A\j(A) < 0o}. Then {X € I} € Z and X1;(X) is
A-measurable whenever [ is as above, by Lemma 1. Therefore,

vV vV
/ DT p(t)dt = yg hy(wot) + / 1p[DVo(t) — DFp(ao)]dt
uVxo uVxo

= yo hy(zo+) +/ IpAi(zo < X < t)dt

= yg hl(zo+) +/ AMzo < X < t)dt

u

= yg bl (zo+) + / (v—uVX)TdA (by Lemma 2)

Zo

and similarly f;//\\zxoo DFp(t)dt = yy hi(xo) — [*° (v A X —u)tdX. We conclude

vV VAT

ﬂw—www—A Dﬁmmﬁ+/

UNT(Q

Dwmﬁ—%%@ﬁﬂwﬁwm+/%ﬂﬂk

Vzo
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Fix an increasing (un)neny and a decreasing (v, )nen sequence in D converging to zp, with u, <

Upy1 < zg if 29 > —o0 and vy, > vy > g if 29 < 00. Then,
lim A (u, < X < v,) < lim DV p(v,) — DT o(x0) — D™ p(un) + D™ p(xg) =0
n n

so that lim, \*(| X —zo| < 27") = 0.
(@i)=(iit). Let u,, and v, be as above and define hl(x;n) = hi(z) for x ¢ (uy,vy] or else

) Up+1 — T

he(z;m) = hy (U if up <2< Upiq

Up4+1 — Un

ho(xz;n) = hZ(vn)m it v <z <,
Un — Un+1

hY(-;m) is a continuous function vanishing outside of the interval [u A vp41,v V up41]. Moreover:
(a) {|h8(z;n) — BY(x)| > ¢} C (un, vy so that h%(X;n) is A-convergent to hi(X), (b) |hy(z;n)| <
!h}j(m; n+ 1)‘ < ’hﬁ(a:) , (¢) limy, hl(z;n) = hY(x) for all © # xo and (d) hL(X;n) is A-measurable
and therefore an element of L'(\). Let v be the conventional companion of A relatively to the
family {h(X) : h € €x(R)}. Observe that if 29 € R and h,, € €k (R) is such that 1, .| > hn >
then

Luy1,0m 4]
VX = 20}) < 117131/%()()@ < lim Aty < X < v,) = 0
It follows that
/hg(X)dA = ngl/hg(x;nm = li}ln/hZ(X;n)dl/ = /hg(X)dy

Let I C R be an open interval with X~'(I) € .# and (gn)nen a sequence of non negative,

continuous functions which increases to 1;. It is then obvious that

0= lirrln/gn(X)d/\ = li}ln/gn(X)du =v(X el).

The conclusion extends to open sets.
(#ii)=(1). If o satisfies (71) it is clearly convex since the function v — h},(z) is convex for every

u < wv. Assume that u < v and {u < X <wv} € A4 Then, v(u < X <v) =0 so that, for arbitrary

u<t<w
ya“+1/(x0§X<t) if v>u>uwxg
(75) W— Yo +r(t <X <mo) if mo>v>u
Z/ar if v>xz9>u
and (7) follows. O

The above result can be stated in a slightly different way:

Corollary 9. Let X € F(Q) with X[Q] =R, ¢ € §F(R) and define xo and hl, as in Theorem 8. ¢

is convex if and only if there exist yar Yy € R and a countably additive, measurable structure (%, v)
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on Q such that v(u < X < v) =0 whenever D p(v) < D™ ¢(u) and
(1) h(0) € L'0) and plo) — plu) = i Wifoot) + g o) + [ BECOd vz

where yg =y if xo € R and D p(xg + ¢) = D™ p(xg — ¢) for some ¢ > 0.

Proof. Define A" = {{u < X <v}:u,v € R,DTp(v) < D ¢(u)}. From X[Q] =R follows that
{u< X <wv} e A if and only if DYp(v) < D™ p(u) and that 4 is an ideal of sets. Then (76)

follows from Theorem 8.(iii). O
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