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1. Introduction

The seminal contribution of Grossman and Hart (1986) [henceforth GH] established that asset ownership
matters because it affects the incentive of trading parties to undertake relationship-specific investments. A
party’s investment responds to her share in the trade surplus. The latter, in turn, depends on the party’s
outside option. Asset control improves the outside option and it strengthens a party’s incentive to invest.
An efficiency ranking of ownership regimes is obtained: Control rights should be assigned to the party
whose investment is more important in the generation of trade surplus, while non-integration is optimal
when both parties’ investments are important. Furthermore, it is never optimal to assign the parties veto
power over the usage of the assets. Joint-control cannot do better than integration: it reduces the incentive
to invest for the party losing control, without increasing it for the non-controlling party.

Several contributions have assessed the robustness of the GH ranking with respect to alternative
assumptions on the nature of investment. In GH, investment positively affects the trade surplus and the
outside option of the investing party. However, investments may have spillovers: Investment by one party
may benefit the other even if they fail to trade. Consider investment in physical capital. The asset-
controlling party needs not to cooperate with the investing party to benefit from the investment. This
reduces the incentive to invest for the non-controlling party. Hart (1995) suggests that when there is just
one asset and investment is in physical capital, joint-control can be optimal.

In the literature, investment in physical capital has come to epitomize investment spillovers and reversal
of regime ranking." In this paper, we examine closely the role of spillovers in shaping the regime ranking.
We show that investment in physical capital is neither a sufficient nor a necessary condition for the
optimality of joint-control.

Investment in physical capital is an instance of asset-embodied investment: its benefits are fully
appropriated by any party controlling the asset. Thus, there are investment spillovers only under
integration.? With more than one asset, non-integration is preferred to joint-control. As with joint-control,
non-integration neutralizes spillovers, but it preserves the incentive to invest that stems from one’s
outside option. Besides, because it neutralizes spillovers, non-integration is preferred to integration even

if one party is much more productive than the other. Our result appears in contrast with the literature on

! See Segal and Whinston (2012). For a survey, see Gattai and Natale (2015).
% See De Meza and Lockwood (2004).



investment in physical capital.> However, in this literature non-integration is ruled out by design, as it is
standard to assume that there is just one asset or assets are strict complements.*

Spillovers are not confined to asset-embodied investments. Consider a multinational company (MNC)
cooperating with a local supplier. Investments by the MNC improving the quality of the final product
raise the supplier’s reputation for input reliability.” Likewise, the development of common best practices
may favor the supplier in alternative business relationships.® On the other hand, workforce training by the
supplier improves the quality of the local labor pool and the MNC’s prospects if it internalized outsourced
operations. By footloose investments, we refer to investments the benefits of which are appropriated
independently of asset control. Footloose spillovers affect non-integration and integration alike. Joint-
control only neutralizes them and it is indeed optimal when investment cross-effects exceed own-effects.’
In a nutshell, our model predicts that asset-embodied investments favor the adoption of non-integration,
while joint-control may prevail in the presence of footloose investments. The exact nature of spillovers is
crucial to establish the optimality of joint-control when non-integration is a viable option.

® An exception being Schmitz (2013), showing that if parties have different productivity, joint-control is optimal only when
relationship-specificity is small.

* See Guriev (2003), Schmitz (2013) and Segal and Whinston (2012).

® See Midler (2005): “...Chinese factory owners liked the idea of being able to say that they are a supplier to Wal-Mart,
because Wal-Mart’s reputation for supplier audits was so strong...” (p. 237).

® The literature on FDI backward linkages provides several examples. See Javorcik (2004): “After a Czech producer...signed
its first contract with a multinational customer, the staff from the multinational would visit the Czech firm’s premises....to
work on improving the quality of the control system. Subsequently, the Czech firm applied these improvements to its other
production lines (not serving this particular customer)...” (p. 608).

" In Rosenkranz and Schmitz (1999), joint-control of a non-excludable asset is optimal when parties investing in human capital
disclose information affecting the trade surplus and the partner’s outside option. Our model complements their results as we
consider excludable assets and the empirically relevant case of unintended transmission of information.
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2. The model

Consider two parties. M, produces a good, by means of an input —a widget— and asset a,. M, produces
widgets by means of asset a,. M, and M, expect to trade and can increase the trade surplus by

relationship-specific investments. Because of contract incompleteness, they are unable to commit to any

investment or trade price.® However, they can sign a contract assigning control rights over a, and a,.
There are four ownership regimes A= {NI;T,;T,;JC}:

Non-integration (NI ): M, owns a, and M, owns a,

Type 1 integration (T,): M, owns a, and a,

Type 2 integration (T,): M, owns a, and a,

Joint-control: (JC): both M, and M, have veto power over the use of a and a,

At t=0, M, and M, select the ownership regime. At t =1, they select non-cooperatively investments
1 1 . .
e, and e, , at cost C(e,) = Eef and C(e,)= Eezz . At t = 2, they negotiate over the exchange of a widget.

Figure 1: Time line
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If they agree to trade, they realizeS =e, + ye,, with y >0, with y capturing the relative productivity of
each party’s investment. If negotiations fail, M, and M, turn to the market. M,’s and M,’s outside
option are s/ = Ae, + 178, and s, = A5e, + A5, x8,, respectively. Parameter A" captures investment
own-effects, i.e. the marginal change inM,’s outside option due to her own investment. Parameter ﬂg‘
captures investment spillovers or cross-effects, i.e. the marginal change inM,’s outside option due to
M ’s investment. Because of relationship-specificity, the marginal benefit of investment is larger inside

the relationship than outside it. Moreover, we rule out negative own- and cross effects.’ Thus:

0<A; <10<A) <1.

8 Contract incompleteness entails the inability to write state-contingent contracts. This impairs commitment if the features of
the widget or the nature of the investments are not defined in advance.

° Non-negative own-effects are standard in the literature on the property rights theory (PRT) of the firm, Rajan and Zingales
(1998) being the only exception. We discuss negative spillovers in fn.20.
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Information is symmetric. Ex-post negotiations are governed by the Nash Bargaining Solution, with

parties having equal bargaining power. In the event of agreement, M, receives her outside option plus %
of the surplus from trade with M. Investment being relationship-specific, the parties are better off

trading. M, and M, select investment to maximize their payoff:
A A A 1 A A A A 1 2
melax T = /11191 + /llzlez + E [el + 1€, — (21191 + A’.I.ZZeZ )_ (/12191 + /122;(92 )]_Eel (1)

1 1
max ﬂzA = /19161 + /192}(92 + E[el + e, — (ﬂ'flel + ﬂleez )_ (/19131 + /lézlez )]_ Eezz (2)

Substituting the equilibrium investments &} =%(1+ AN —/191) and &, = %Z(l-i- A% —/112) into 7" and

z;', We obtain the equilibrium payoffs, z,* and z,'. Absent liquidity constraints, the parties select the

ownership regime to maximize the joint surplus:

SA_ A "A_§(l 2) E(A_ﬁA 1_£(A_/IA) 2(/1A_ A 1_&(/1A_ A) 3
=7n +7, ~g +x +4 A=A 22'11 n) |+ X A — A o 22 A 3)

If parties could select investments cooperatively, the joint surplus would be S™ :%(1+ ;(2).

Since 0< A <land 0< /1{; <1, $*<S":No ownership regime achieves the first best; however, not all

regimes are equally inefficient. As inspection of S* reveals, the ranking of ownership regimes depends
on the magnitude of investment own- and cross-effects.

The magnitude of own-effects captures asset complementarity. Assets are complements [independent]
when the marginal benefit of investment is increasing [constant] in the number of controlled assets,
normalizing it to zero in case of no asset. As the number of assets a party controls varies across ownership
regimes, the magnitude of own-effects varies too: A7 > A" > Ab = 2° =0."

The magnitude of cross-effects depends on the nature of investment. In GH, the parties invest in human
capital. M, benefits of M’s investment only if they cooperate ex-post: /Ii’j* =0, VA. However,
investment can be asset-embodied. The asset-controlling party fully appropriates the return of any
investment by the non-controlling one: A > A =4 = 21° =0." If investment is asset-embodied, there

are spillovers only under integration.*?

19 \We rule out asset substitutability. This is standard in the PRT, Bel (2013) being the only exception.

1 |_ike for own-effects, cross-effects are normalized to zero in case of no asset.

12 Our taxonomy of investments cuts across the distinction between tangible and intangible investments developed in the
literature on dissipation of proprietary advantages (Markusen, 1995). In our paper, R&D and advertising expenditures are
examples of asset-embodied investments.
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However, spillovers are not confined to asset-embodied investments. By footloose investments, we refer

to investments the benefits of which are appropriated independently of asset control. M,’s footloose

investment improves M ’s outside option also when M; maintains control of asset a;. Footloose

spillovers affect integration and non-integration: 2 > 4" > 4y = 4)° =0.%
In the following section, we study the ranking of ownership regimes in case of: i) no spillovers; ii) asset-

embodied spillovers; iii) footloose spillovers.

3. Results

Case 1: No spillovers

Consider S* evaluated at Zi’j* =0,VA.

Proposition 1:
i) Non-integration is preferred to integration iff y is such that:

1/2 1/2

HEETARHET a3

ATNI = " 1 <x< N 1 " 1 = XN (4)
A22 (1_2122] 1222(1_2/123}_/122 [1_2/122j
Sufficient condition for yy, < x7y is:
(g ) a3
2 2
+ >1 (5)

T{l—; j 123[1—;%3]

il) Type 2 integration is preferred to type 1 integration iff:

1
Z8 (1 - j
X > —1 =21, (6)
T2 T2
/122 (1 - E /122 j

iii) Joint control is never optimal.

1/2

Proof: Solving S >S™ A SM >S™for y establishes i). Solving S™ >S™for y establishes ii).

Comparison of S* and ST establishes iii). Details of the proof are in the Appendix.

Figure 2 illustrates Proposition 1.

3 As for own-effects, cross-effects are non-decreasing in the number of controlled assets.



Figure 2: No spillovers
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In line with GH, Proposition 1 establishes that non-integration can be optimal only if asset

complementary is not too strong. In fact, inspection of (5) reveals that the set of » supporting non-
integration is not empty only when A and A are relatively close, i.e. asset complementarity is not

strong. When asset complementarity is strong, the marginal return of investment outside the relationship
and thus the incentive to invest are larger under integration than non-integration.

Furthermore, non-integration is optimal when the parties’ contributions are both “important”.** Asset
complementary favors integration. However, taking away assets from a party reduces her investment and
the trade surplus. The more productive is the party losing control, the stronger is the adverse effect of
integration on the surplus. It follows that non-integration is optimal when the parties are similarly
productive.

Type 2 integration is preferred to type 1 integration when y is above the threshold y. . If asset
complementarity is the same across parties,* X, =1. As in GH, control goes to the most productive

party. Finally, joint-control is never optimal as integration is preferred to it. Switching from joint-control

to type i integration leaves unaffected M, ’s incentive to invest while increasing M;’s one.

“ Proposition 1 sets bounds on the values of y supporting non-integration.
© Thatis: A = A%2.



Case 2: Asset-embodied spillovers
Consider S$* evaluated at A7 > A = 20 = 2° =0.
Proposition 2:

i) Non-integration is preferred to integration iff y is such that:

1/2 1/2

-3 -3 A (-3 A (g4
<y< =y
N[, 1o (.. 11 (. 1.1 N LN T
Ao | 1= A |+ A5 1+ 445 AB| -5 A% | A | 1-7 A
2 2 2 2
Sufficient condition for gy, < x7 is:

1 T, 1, 1 T 1 T 1.5 1
wf(l—zﬂffj 12[1+2ﬂfzj ﬂ«z“z'(l—zzz“z'j ﬂ;{uzﬂﬁj ﬂzi(1+zﬂzajﬂla[1—+2 aj
+ >1- 8
ah 1n 11 1 b b - piL Tilq 1n Tilq 1n 01 - pit ( )
11 _5/111 2|+ 5 2 2|~ 5 2 Ai _5/711 M _5/711 2|75 2

ii) Type 2 integration is preferred to type 1 integration iff:

ﬂl{l—; Tajwz(uiﬂzj
ﬂlz(l—éﬂlzj%a(li j

iii) Joint control is never optimal.

AN =

(7)

1/2

x> = X1, 9)

Proof: Solving S™ >S™ A S™ >ST%for y establishes i). Solving S™ >S™for y establishes ii).

Comparison of S° and S™ establishes iii). Details of the proof are in the Appendix.

Figure 3 illustrates Proposition 2.



Figure 3: Asset-embodied spillovers
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Proposition 2 shows that in the presence of asset-embodied spillovers, non-integration is optimal for a
larger set of y than predicted in GH.™ Because of spillovers’ distortionary effects, the parties renounce
the benefits from asset complementarity and choose non-integration also when one of them is much less
productive than the other. Moreover, in the presence of asset-embodied spillovers, non-integration can be
optimal also when asset complementarity is strong. Inspection of (8) reveals that the L.H.S. is increasing

whereas the R.H.S. is decreasing in investment cross-effects 47 . It follows that (8) holds for lower values
of the ratio A" /47 than (5).

Type 2 integration is preferred to type 1 integration also when M, is less productive than M,. Assume
asset complementarity to be the same across parties, but M,’s investment spillovers to be stronger than
M;’s. In this case, M, has little incentive to invest under type 1 integration. Finally, joint-control is

never optimal as non-integration is preferred to it. Non-integration neutralizes the adverse effects of
spillovers, but it also preserves the incentive to invest that stems from one’s outside option.

Our result is in contrast with the literature on investment in physical capital. However, in this literature
joint-control is proved optimal under the assumption that there is just one asset or assets are strictly

complements. Non-integration is ruled out by design.

*® This result holds also for one-sided spillovers, i.e. 47 >0 and A} =0.



Case 3: Footloose spillovers

Consider S* evaluated at Az A >0 =2 =0.

Proposition 3
Assume the condition (i — 4 )> 0 (4} - 4% )> 0 holds:
i) Non-integration is preferred to integration iff y is such that:

T _lTl_ NI _ NI _1 NI _ NI
1[1 5 J (s ﬂﬂ{l A ﬂm)}

1/2 1/2

(- a2 2| 1032

Arni= 1 1 <x< 1 1 = X (10)
-2 a2 - )] o 22 2a-3 7 -t a- 2 - a)
Sufficient condition for . < zp is:"
1 1 1 1
- a5t )| (23 ) {(w; a1 - )ﬂ (1054 )
1 1+ 1 + 1 1+ 1 >
ﬂla( —22}1] ﬂ«lz(l—zﬂ}z) ﬂ}z(l—zﬂ}zj 115(1—22}1]
(11)
ﬂla(ulﬂz]ﬂla [H%j
L 2 2
1 1
AI{ —gﬁ]ﬂ%{l—zﬂ%j
il) Type 2 integration is preferred to type 1 integration iff:
1/2
-4 )1y )
x> =11, (12)

{15 |+ A1 5
iii) Joint control is never optimal.
Assume the condition (' — 2 )> 0. (2 — 2% ) oiis violated:

iv) Joint control can be optimal.

Proof: Solving S™ >S™ A S™ > S™for y establishes i). Solving S™ > S™ for y establishes ii).

Comparison of ™ and S™ establishes iii). To prove iv), assume (2 — 2 )< 0 A (2} — 4% )<0.

7 Inspection reveals that the L.H.S. in (11) is decreasing in investment cross-effects materializing under non-integration, A

It follows that (11) is satisfied only for weaker asset complementarity than (8), i.e for higher values of the ratio A" / 4] . Non-
integration can be optimal when asset complementarity is relatively strong in the presence asset-embodied spillovers, but not
footloose spillovers. Nonetheless, non—integration can be optimal in the presence of footloose spillovers even if it would not be
so absent spillovers. Inspection of (5) and (11) reveals that the R:H.S. in (11) is smaller than the R.H.S in (5), whereas the

L.H.S.in (11) is larger than the L.H.S. in (5) for large value of A .



Comparison of $° and S™ establishes S > S™. §% > ST A S > §™ holds for any » such

1/2 1/2

A1)

4]

ﬂgﬁ(“;ﬂ?l)
T 1
/1222[1— 2/%}

Details of the proof are in the Appendix.

Xicr, = <xX< = XicT,

Figure 4 illustrates Proposition 3.

Figure 4: Footloose spillovers
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Proposition 3 shows that under footloose spillovers joint-control may indeed be optimal, albeit under

quite strict conditions. Joint-control may dominate non-integration only if cross-effects A are larger than

own-effects A\ for at least one party. '8 Moreover, joint-control may dominate integration only if each

party’s investment has cross-effects, as we assume. *° Otherwise, ownership by the party whose

investment has no spillovers is preferred to joint-control. In brief, when cross-effects are larger than own-

effects it makes sense to sacrifice the incentive to invest that stems from one’s outside option to limit

distortionary effects due to spillovers.?

'8 Under integration, investment cross-effects are larger than own-effects by design for the non-controlling party.
9 The set of y supporting joint-control is not empty iff:

A (1—%13 ]ﬂgg (1-%4;3 J < (1%4;; jz; (1%/1;5 J .

20 \Were spillovers negative, no trade-off arises as own and cross-effects cooperate in promoting investment. In our view, the

case of negative spillovers should be addressed in a model featuring over-investment.



4. Conclusions

When investment is relationship-specific, positive spillovers exacerbate the underinvestment affecting all
ownership regimes. The optimal ownership regime severs the link between a party’s investment and her
partner’s outside option. However, which regime is optimal depends on the exact nature of spillovers.

We show that asset-embodied spillovers favor the adoption of non-integration, while joint-control may
prevail in case of footloose spillovers. Our model innovates with respect to the literature in suggesting
that i) non-integration is likelier to be adopted than predicted in GH; ii) absent strict complementarity,
joint control prevails only if spillovers are footloose.

Our results rest on two pillars: the magnitude of spillover effects and the distinction between asset-
embodied and footloose spillovers. The magnitude is likely to be large and the distinction meaningful
when there is little overlapping between the parties’ capabilities, as in the case of international joint-

ventures.
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Appendix
Recall the joint surplus function for regime A, A= {NI;T,;T,;JC}:

§% = 742 =§(1+f)+§{(zﬁ A IEE G RPAIPRCRA TR a)}} (A1)

Proof of Proposition 1:

- - A - - - - - - .
Substituting A; =0, VA in (A.1), ownership regimes give the following surplus functions:

S =S rt)ed A(a-2at o (-2 ) (A2)
st :§(1+ 12)+%{ﬂi(1—%/7}1ﬂ (A.3)
§n =§(1+ 12)+%{ ;(2,1}2(1—%/1}2]} (A.4)
§° =2+ 47) (A5)

i) Non-integration is preferred to integration iff S™ >S™ ASM > §™

1/2
T 1_1 T N 1_1 NI
1 2 1 1 2 1
1
1-5)
1/2
1
L

w15 ) a2

Comparing (A.2) with (A.3): S™ > S™iff y >

Comparing (A.2) and (A.4): SN >S™ iff y <

Therefore, SN > S™ A SM > ST jff:

1/2 1/2

A4 - - A Aa-3)

AT = N1 ow SZs T 17 N[ Lo ~ A
ﬂzz(l—zﬂzzj /1222(1_21222j_/122(1—2122j
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Sufficient condition for the set of y values supporting non-integration to be not empty. i.e. y7y < Z7m

21

(g ) g
1 + 1 >1
Ta(l—z j 123[1—21222)

il) Type 2 integration is preferred to type 1 integration iff ST > §h

1/2
1
Ti(l—zﬂ}lj

T, _1 T,
Az

is

(A.6)

Comparing (A. 3) and (A.4):S™ > ST iff >

=X,

iif) Comparing (A.3) with (A.5): S™ >S* vy

Being less preferred than integration for every parameter value, joint control is never optimal.

Proof of Proposition 2:

Substituting A > A = /1iTj" = 2;* =0 in (A.1), ownership regimes give the following surplus functions:

- 3 1 1 1

S-S ) at(i- 2 ot 12 (A7)
N 3 1 1 1

st Zg(1+12)+Z{ﬂi(l—gﬂij—zzﬂa(lJrgﬂﬁzﬂ (A8)
N 3 1 1 1

S" :§(1+12)+Z{_ /1221(“E/ﬁi}fﬂf@z@‘g@zﬂ (A9)
g -2+ ?) (A.10)

2! Figure 2 is drawn under condition (A.6).
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i) Non-integration is preferred to integration iff S™ >S™ ASM > §™

ey
N ~ 1
Comparing (A.7) with (A.8): SM >S™iff >

Comparing (A.7) and (A.9): SN >S™ iff 4<

Therefore, SM > S™ A SV > ST jff

1/2 1/2
1 1 1 1
K134 -y (- iy

AN = 1 1 <X < 1 1 ayARN
1y ) {15 2 -2 )i

Sufficient condition for the set of » values supporting non-integration to be not empty, i.e. ¥7y < Z7m

i822

a-ga)| Alega)| ab-ia) Abia)|  Aia)s-ga)
1+ ; 1+ >1- (A.11)

1 1 1 1 1
T{l—z Ta) ﬂ}z(l—zﬂ%j ﬂ}z(l—zﬂ%j Ti(l—z Ta] ﬂl{l—zﬂhjﬂé{l—
ii) Type 2 integration is preferred to type 1 integration iff ST >gh

1/2

-4 )+ A1y )

T 1 v 1
PEryEm)

Comparing (A.8) and (A.9): S™ > S™iff >

=2,

iii) Comparing (A.7) with (A.10): S"' >S% vy

Being less preferred than non-integration for every parameter value, joint control is never optimal.

Proof of Proposition 3

%2 Figure 3 is drawn under condition (A.11).
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- - '|'I NI Tj _ JC _ - - - - - - .
Substituting 4; > A; > 4’ = 4;” =0 in (A.1), ownership regimes give the following surplus functions:

=S 2t - a3l - ] 2o - o3t - )|
§% =3 ) 2| A 1- 240 |- 22 1+ 2 2
8 4 2 2
2 3 1 1 1
§" :§(1+ ;{2)7{— /1}1[1+5/1}1]+;(2,1}2[1—§/1}2H
dic =§(1+Zz)

Assume the following condition holds: (ﬂ{\'l' I )> 0A (,1;‘2' -2 )> 0

i) Non-integration is preferred to integration iff "' >S% AS™ > S™

Comparing (A.12) with (A.13); SM >Shiff 4>

ﬂ}l[l_;gllj_(wl' L {1—;(/11“1' -2 )}

1/2

(g -2t o 2ottt 128

NE ST

(A.12)

(A.13)

(A.14)

(A.15)

= 27N

-2 |e {103 )

Comparing (A.12) with (A.14): S
1/2

(i -t o= Dt - )| 25 105 2
x < 1 1 = XN

(i1 -G - S -a)
Therefore, SN > S™ ASM > ST jff

1 1 1/2 1
(13-l - - L - ) -2 a3

ATNI= <xX<

(-2 2= e - )| (122

(15 -

1
)i

(s -22)
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Sufficient condition for the set of y values supporting non-integration to be not empty , i.e. 7y < Zri
is
1 1 1 1
-t A mfeeda)| (- dls-ay)| el
1 1+ 1 + 1 1+ 1 >
45[1—22}1] ﬂ}z[l—zﬂ}zj ﬂ?z(l—zﬂ}zj ﬂl{l—zﬂﬁj
15 4 (145 22 )

T, 1.1\, 1
A )

(A.16)

1-—

il) Type 2 integration is preferred to type 1 integration iff ST >gh

1/2

RIS

{15 |+ {15 )

Comparing (A.13) with (A.14): S™ > S™iff >

=X,

iii) Comparing (A.12) with (A.15): SV >S% vy

Being less preferred than non-integration for every parameter value, joint control is never optimal.
Assume the condition (A{\'l' o )> 0 is violated. This gives rise to three alternative cases.?®
Casea: (af -4 )<on (4 - 4l1 )>0

Joint control is optimal iff $¢ >SN AS% ST AS% 5 ST

1/2

-l -t a2t - )

(-t -2t - )|

Comparing (A.12) with (A.15): $%¢ >sNiff <

= XieNi

1/2

Comparing (A.13) with (A.15): $% >STiff 4>

2 For the sake of brevity, in the text we present only case c.
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1/2
. 1037
Comparing (A.14) with (A.15): S’ >S%iff 5 <

7 N = XicT
T 17 2
Y
Therefore, S > SM AS% 5 8T A S 5 ST jff:%*
1/2 1/2
1 1 1
ﬂl{l—zﬂlaj ﬂ?{nzﬂ}z] - -4 {1—2(@; -2 )}
xicT, = <y <minj| ——=< = XicTys
1 1 2 1
1y ) 3(1-34% ) sy - - e -t

Case b: (A =4 )> 0 (aM - 2 )<0

Joint control is optimal iff $%¢ >SN AS% > ST AS% 5 ST

1/2

(ot - - Lo - )

Comparing (A.12) with (A.15): $% >SN'iff 4> :
(s -8 a3y - )

- 1/2
Z8] 1—11111]
. : s AT 2

Comparing (A.13) with (A.15): S >S%iff y > — | =X
A 1+2/1};j
— 1 1/2
A% 1+2;t}1j

Comparing (A.14) with (A.15): S >S%iff y < 1 = Xicr,
A% 1—/&2)

Therefore, $%€ >SN A8 5 ST A S 5 8T jff:2

# The set of y supporting joint-control is not empty if and only if Zacr, < min{;(JCT1 s X JCNI }
% The set of y supporting joint-control is not empty if and only if max{;(JCT1 i X ICNI }< xicr, -

1/2
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1/2

1 1/2 l
31-3) (- a2 - a)

l 1/2
A% [1+ Zz}lj
I — = Xicr,» =X eni
A1) (- a5 - )|

max 1 = X,
A3 (1—Zﬂ£zj

<y<

Case c: (2 - A )<on (14 -2 )<0
Joint control is optimal iff $%¢ >SN AS% ST AS% 5 ST

Comparing (A.12) with (A.15): S >SN vy

Comparing (A.13) with (A.15): S >SThiff » >

Comparing (A.14) with (A.15): $% >STiff y <

Therefore, S¢ >SN AS% 5 ST A S%C 5 ST jff:

/1}1(1 + ;/&J

ﬁ =XicT,
Yy

1/2 1/2

2
15 )

Ha-24)

VA <x<

Sufficient condition for the set of » values supporting joint-control to be not empty, i.e. 7y, < X is 2°

Ta[l—% Tajﬂlz(l—%ﬂlzj<ﬂ£{1+%ﬁzjﬂl{l+% j (A1)

% Figure 4 is drawn under condition (A.17).
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