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Abstract

The purpose of this paper is to propose a symmetric two player general contest model in order to study
the relationship between equilibria and crucial structural parameters of the model. In particular, given a
general specification of the players’ set of possible entries, of the agents’ utility functions, and of the rules
that presides over outcomes, we aim to analyze the characteristics of the set of equilibria as a function of
structural characteristics of the contest technology and of the outcome function. Focusing on three main
cases, we study the effect of introducing spillover in the marginal productivity of agents’ efforts and in
the polarization between agents’ goals. Firstly, we show that without spillover the equilibrium efforts’
intensity is uniquely connected to the ratio between marginal productivity of effort and polarization.
Secondly, we are able to connect existence of multiple symmetric and asymmetric equilibria to the intensity
of spillover effects into outcomes. Finally, we show that spillover in contest technology can imply the non

existence of equilibria.
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1 Introduction

Many interesting economic, social or political situations can be analyzed as games where players expend costly,
non refundable resources trying to affect the probability of getting a desired result. These games are called
contests and they model any situation where agents submit entries that influence the probability of reaching
a desired outcome which bears some costs for the action; entries might be bids, efforts, commitments of non
refundable resources. Contests are games with strong mutual externalities: a contestant expands efforts to
increase the likelihood of getting the desired outcome, but at the same time this implies a reduced probability
of getting the desired outcome by the other contestants. Other type of externalities might indeed emerge,
e.g. when agents can directly sabotage or when the desired outcomes are directly affected by bids, however
the externality effect on probabilities is the fundamental force at work in contests. The prevalence of contests
in economic, social and political life is immediate: costly marketing and advertising competitions to get a
bigger share of the market, tournaments or more general reward/punishment mechanisms in organizations,
entertaining competitions (sports, talent shows etc.), rent-seeking situations, military, social and political
conflicts, all-pay auctions, litigations, predation activities, political competition, R & D competition, are
all possible examples of application of contest theory. These seemingly different situations share a common
content: they are different ways of conflicting to increase the likelihood to reach a desired outcome. In
this general sense, conflicts are ubiquitous in social and political environments and are a significant part
of human history, whether they take the form of wars, disputes, strikes, litigations, lobbying, competitions,
tournaments, demonstrations, insurrections, terrorism. In this paper we will consider conflicts in this general
sense as the paradigm of a contest.

Contests can be distinguished referring to several characteristics concerning their structure and the agents’
possible choices. For instance, we can classify them depending on whether agents’ choices are sequential or
simultaneous, entry is endogenous or fixed, cost are exogenous or endogenous, and, more generally, specifying
the set of possible choices, the utilities and the rules governing outcomes. The literature on contests is vast
and we make no attempt to cover it in details, the interest reader should consult Corchon 2007, Konrad 2006
and Nitzan 1994. After the seminal contributions by Tullock 1967 and 1980 and Krueger 1974, a general
analysis of rent-seeking games has been provided by Pérez-Castrillo 1992 and by Riaz et al. 1995, while
Corchon 2007 and Konrad 2009 provide formal models for contests and review the main possible applications
and generalizations.

We think the standard contest models suffer from two shortcomings. First, standard models have a
unique interior fully stable equilibrium, as shown in Szidarovszky and Okuguchi 1997. This is unsatisfactory
because the above phenomena modelled as contests, in reality often present characteristics that are not
compatible with a unique interior equilibrium. For example, we might have contests with no bids or, vice
versa, with maximum efforts. Again, we might have symmetric contests with asymmetric efforts. And also
multiple symmetric equilibria might be interesting. We believe it is important to understand whether we
might explain this heterogeneity in behavior as equilibrium phenomena. Second, even when we have multiple
symmetric or asymmetric equilibria as in Chowdhury and Sheremeta 2011a and 2011b or in Cornes and
Hartley 2012, the connection between the structural characteristics of the contest and the properties of the
players’ equilibrium behavior is obscure. And, again, zero effort equilibria are ruled out by assuming the
Tullock contest success technology.

In this paper we present a unified framework to analyze the set of pure strategy Nash equilibria in two
players, simultaneous move, symmetric general contest model where we specify several essential elements
characterizing a contest, such as the players’ set of possible entries, the agents’ utility functions, and the

rules that presides over outcomes. In particular, the crucial differences of the present model with respect to



the previous modelling approaches concern the contest technology and the players’ utility functions. Then,
on the basis of such assumptions we examine some particular examples in order to investigate the properties
of the set of equilibria, studying the relationship between equilibria and crucial structural parameters. In
particular, we focus on the marginal productivity of agents’ efforts (which concerns the contest technology),
and the polarization between agents’ goals, (which concerns the players’ utility), with and without spillover.
The most innovative part of our model is actually the combination of contest technology and of players’ utility
functions to get a simple but effective model that allows investigating the resulting equilibria configuration
for general contests. We focus on three main examples, which exhibit interesting equilibria configurations
and comparative statics and that make the role of some crucial contest parameters explicit. First, we show
that, without spillover, the equilibrium efforts’ intensity is uniquely connected to the ratio between marginal
productivity of effort and polarization, and it can be zero, intermediate or maximum. Second, we are able to
connect the existence of multiple symmetric and asymmetric equilibria to the intensity of spillover effects into
outcomes. Finally, we show that spillover in contest technology might imply non existence of an equilibrium.
Through these examples, we are able to better understand under what conditions we have unique or multiple
or no equilibria, and the properties of these equilibria in terms of structural parameters.

The works that bear most resemblance with our contribution are the papers by Chowdhury and Sheremeta
2011a and 2011b, where the authors construct a generalized Tullock contest to analyze under what conditions
their generalized contest has either a unique symmetric or multiple asymmetric equilibria. However, even
if the research aims and the spillover effects are similar, the models and the results are quite different.
Actually, we not only derive conditions such that we get multiple symmetric (and asymmetric) equilibria,
but our modelling approach also allows connecting such equilibrium properties to structural parameters that
have an immediate relation with the underlying characteristics of the contest.

From a methodological point of view, the properties of contests can be analyzed in two different and
complementary ways: either using comparative statics showing how equilibria change as parameters change,
or with out-of equilibrium dynamics to emphasize the complex and cyclic players’ behavior. This paper
belongs to a research strand in which we are pursuing both aspects. In this paper we analyze the structural
conditions that generate one, zero or multiple symmetric and asymmetric equilibria, and their properties as
a function of the structural parameters, while in the companion paper Cavalli et al. 2016 we focus on the
best reply dynamics. Preliminary investigations show that the modelling approach we adopted allows for the
occurrence of non trivial and complex dynamics.

The remainder of the paper is organized as follows. In Section 2] we present a general contest model
and we introduce assumptions to specify several characteristics of the contest model we aim to investigate.

Section 3 reports our main results, while proofs are in Appendix. Section 4 concludes.

2 Modelling Contests

In this section we propose a micro founded contest model starting from a general perspective. In the
subsequent sections, we will introduce specific assumptions on these basic elements. This allows connecting
the characteristics of the set of equilibria with the properties of these basic elements on the basis of transparent
micro assumptions.

In contests, two or more contenders use available resources to try to hamper, disable and destroy the rival
in order to reach their own aim. Hence, in any contest situation there are at least two agents, which from now
on will be identified by part ¢ and j, who aim to achieve a particular goal. As a starting point, we will limit
ourself just to two players. As discussed in Hirshleifer 1995a and 1995b, we agree that the incompatibility

between agents’ goals is the root of any contests: each part tries to reach the best possible approximation



to its goal, and to do this, takes part in a conflict, trying to influence the probability of getting an outcome
through a suitable effort. The distance between the goals represents the polarization of the contest situation,
and we will show that it plays a crucial role. Each agent’s effort can have several consequences. First, one
must consider the effectivity of efforts, which encompasses and represents the different technological and
institutional characteristics of each part. To model the possibility that a part can directly hamper or disable
opponent’s capability, we suppose that each agent’s effectivity function might depend on both the amount
of effort of ¢+ and j. Moreover, the agents’ efforts can affect its own and the opponents’ goal too, so that,
depending on the respective efforts, we can have that the goals can change. More generally, the outcome of
the contest might depend on both agents’ effort.

These considerations lead us to propose the following definition of a two agent contest model.

Definition 1. A two agent Contest Model (CM) can be described by a sextuple (X,S,C,¢,P,U), in

which each component is a vector of two elements such that
1. X = (X1,X2) is the set of agents’ efforts (x;,x;) such that

z; € X; CRT, i€ {1,2};

2. S = (51,952) is a couple of functions S; (x;,x;)
SrLXZ XX]' *)]R—i_, xS {1,2},

which represent the effectivity of agents’ efforts, i.e. it measures the impact of i's effort on the likelihood

of getting a specific outcome. Note that it might be affected by opponent’s effort too;
3. C = (C4,Cy), is a couple of functions C; (x;)
Ci: X; - Rt ie{1,2}
which represents the agents’ cost function
4. ¢ =(C1,¢2) is a couple of functions ¢; (si,s;)
G:RYxRT - R
which represents i’'s outcome function, describing the result of the contest for agent i as a function of
both agents’ efforts’ effectivity (si,s;);
5 P = (P, P), is a couple of conditional probability measures P;(s1, s2)
P :R* xRt — A(R)H

representing the contest success technology (CST) connecting agents’ effectivity of the efforts (s1, $2)

to the probability of getting an outcome z; € [&, E] ;
6. W = (W1, Ws) is a couple of functions W; (2;)
Wi:Z;i - R, ie{1,2}

which represents the agents’ utility function evaluating random outcomes z; distributed according to
Pi(s1,82). As usual W; is supposed to satisfy expected utility representation, so that there exists a
U; : R — R such that

Wi (Z) = /Uz (Zz) sz(Zz|51; 82).

1We checked that spillover in the cost function would not add any interesting insights on equilibrium properties.
2As usual A (-) denotes the set of all probability measure on the set -.




The model presented in Definition[Ilis very general and can be applied to any contest situation. Although
apparently differs from the basic model used in contest theoryH, it is quite immediate to show that the model
we propose falls within the general definition of contest. Usually a contest is defined by the following

elements.

1. A finite set of agents, the contenders
N ={1,..,n};

2. A set of possible actions taken by the agents before a prize is allocated

a; € Ai;

w

. A prize that may depend on agents’ actions

V;A1X><An—)ngR,

4. A contest success function relating agents’ actions to the agent’s probability of obtaining the prize

p1A1XXAn—>A(QZ),

(@21

. A wtility function evaluating each agent prize

U;: Q — R,
6. A cost function relating agents’ actions to the cost of the actions
C; A; — R,

Then it is immediate that a CM is just a specific contest.
Remark 1. Any CM is a contest.

This remark might suggest that our definition is redundant. However, we consider more effective to
start from the elements introduced by Definition [l The reason is that we believe that our model allows a
more neat analysis, allowing a better match with real situations and a more immediate interpretation and
understanding of the theoretic results. More generally, our model allows a discussion of the micro foundations
of the peculiar functional forms we consider for our concepts, a discussion that is not immediate for many
standard contest models, often a sort of reduced form model.

Before providing assumptions to focus on a particular class of CM, we recall that the agent’s effort is
its choice variable, that affects the probability of reaching an outcome once transformed by function S;,
representing the effectivity of the effort. The role of this function is to separate the agents’ effort effectivity,
which is part of ¢’s characteristics, from the probability of getting a specific outcome, the standard contest
success technology. In particular, our formulation allows for introducing and studying the effect of spillover
in any constitutive element of a contest, in particular in effectivity and outcomes. This will be the main goal
of Sections 3.2 and 3.3, in which we will show the consequences of such possible spillover on existence and
multiplicity of equilibria. We will show that spillover in different components of a CM have different effects
on the set of equilibria. Hence the characteristics of the set of equilibria are connected to the structural
properties of the CM, i.e. on the specific historical, institutional and geographical conditions. Finally, note
that if the agents’ outcomes (; do not depend on the players’ efforts, then the model belongs to the class of
rent seeking models, while in the models of production and conflict the value of the goals is endogenously

determined by the agents’ choices on how much time is used to conflict and consequently on productionE

3See for example Corchon 2007 or Konrad 2009.
4See e.g. Garfinkel and Skaperdas 2007, Hausken 2005, Konrad 2009, Neary 1997.



2.1 Restriction on the Contest Model

In this section, we introduce, and then discuss, a set of assumptions on the CM to generate a family of
contests sufficiently general to describe a suitably wide range of situations, but, at the same time, suitably
specialized to allow deriving significant results. Introducing progressive restrictive assumptions also allows
us to better understand the role and the relation between the structural characteristics of the elements of a

CM and the properties of the set of equilibria of the associated game.
Assumption 1. GENERAL ASSUMPTIONS ON THE CONTEST MODEL:

1. SYMMETRIC CONTEST MODEL: all the components of a CM are symmetric
Xi=Xj, Si(wi,x5) = 8 (v, %), Ci(wi,35) = Cj (w5, w3) ,
Gi (sis85) = =G (85, 8:) , Pi (si,85) = Py (s5,8:) , Ui = Uj.

2. UPPER BOUND FOR EFFORT: the set of each agent’s effort X; C RY is compact. Hence,
because of assumption 1, w.l.g. we pose
X;=1[0,1].

3. SMOOTH CONTEST MODEL: all the functions involved in a CM, S; (z;,x;), gi (xi,x;), C; (zi),
Gi (8i,85), Pi(si,85), Ui ((i) are twice continuously differentiable.
4. POSSIBLE OUTCOMES: for each player, the interaction might end in two ways, either reaching
its goal g; (z;, ;) or its defeat outcome d; (z;,x;) :
VY (sirs5) € RT X RY G (si,85) € {gi (i, 25) , di (i, 25)} C [91,52)
where
gZXZXX]%[&,E]QR, dZX1XX]*>[&,%}g]R

without loss of generality, we denote by gi and g;, respectively, the inferior and the upper bounds of i’s

outcomes, so that 9i <Gi and g1 <0< g2;

5. RATIO CONTEST SUCCESS TECHNOLOGY: the CST P;(si, sj) has a ratio formH Hence,

given previous assumption 4, we get

S7,(l‘7,,l") . _
Stgrsmay =i 1),
j(Lj,Ti :
Pi(2i| Si (zi,25) , Sj (25, 7i)) = —Si(zi,zjj)ﬁs,-(xj,xi) if zi=d;(z;,25),
0 otherwise.

6. AGENTS’ UTILITY FUNCTIONS: each agent’s utility function U; is decreasing in the distance

|zi — gi (@i, x5)| between i’s outcome and its goal.

7. POSSIBLE SPILLOVER: the model allows for possible specific spillover in the components of a

CM
QSZ (l‘i,l'j) < 0’
6xj -
591 591 0d, ody
— <0, —<0,—2>20,— >0
8351_ 781‘2_ 78Z2_ ,811_ ’

892 892 adQ 3d2
S —ZZ > — < — < 0.
Oxy — 0, oxy — 0, or1 — 0 Oxa — 0

In the next paragraphs we detail and explain each point of Assumption [}

5This is the terminology used by Hirshleifer 1989, an alternative is to call this contest success technology logit.



2.1.1 Symmetry

The reason for the symmetry assumption is trivially that in the present paper we aim to study a symmetric
contest. In this way we assure that the results we find about equilibria characteristics only depend on
structural parameters and not on players’ asymmetry. Moreover, it is interesting to understand whether
and when asymmetric equilibria can arise in symmetric contests, clarifying the structural assumptions that

generate such a situation. Finally, notice that symmetry implies
9i (@i, x5) = —g; (5, %) and d; (23, 7;) = —d; (x5, 2i) .

2.1.2 The Efforts set

We assume that contestants are exogenously constrained regarding the amount of effort they can choose. The
reasons for this assumption are two. First, we believe it is hardly realistic to consider an unbounded amount
of effort, secondly, this assumption allows interpreting agents’ bids as intensity, i.e. as the percentage of the
stock of the available resources used for the contest game. This assumption is crucially important to allow
for the occurrence of corner equilibria, which have obvious significant interpretations: once we interpret bids
as intensity of effort, then the results on interior or corner equilibria have a more clear counterpart in actual

contest situations as null or intermediate or maximum effort.

2.1.3 The Possible Outcomes

We restrict the set of i’s possible outcomes to just two possibilities: either i reaches its goal g; or it get a
defeat outcome d;. This simplified framework is sufficient to derive our main results and allows identifying
specific parameters and functions that plays a crucial role for our results and that have clear counterparts
in real situations. Note that even if in Assumption [Il we allow for any kind of direct effect of players’ bids
on players’ goal and defeat outcomes, in the next subsection we restrict the analysis to particular, significant

spillover.

2.1.4 Smoothness and Contest Technology

The smoothness requirement, which might seem a neutral technical assumption, actually has substantial
implications, for example in the choice of the possible contest success technology. The first consequence is
that it excludes the common Tullock contest technologyld which is not continuously differentiable in (0,0).

Consider the assumptions of continuous differentiable functions ratio CT with respect to the classic ratio
technology as axiomatized in Skaperdas 1996. Since our technology is a ratio CST, it satisfies Skaperda’s
axioms 1 to 5 that characterize such functional form. However, it does not satisfy the homogeneity axiom
A6

S (A, Axj) S (zi,x5)

S()\I’Z,Al‘j) + Sj ()\l‘j,Al‘z) o S(l‘i,l'j) + S(l‘j,l‘i)7

which implies

S (24, 25) |3 form=ux;€00,1],
S(I’ul’j)‘i’S(l’j,l‘i) 1 for x; € (0,1],1‘j =0.
This means that a CST satisfying the homogeneity axiom can’t be continuous in (0, 0) . Indeed, this axiom is

motivated by the idea that the probability of reaching the goal should be independent of units of measurement.

However, because of the assumption of compactness of the effort sets and thus of the interpretation of bids

6Tullock 1967 and 1980.



as intensity of effort, axiom A6 is no more relevant. The homogeneity axiom, together with axioms 1 to 5,

has the effect to restrict the set of possible CST to the following generalization of Tullock technologyﬁ

T(oiay) =4 T4
5 if (x;,2;) =(0,0).
Noticing that
% if % zlﬂ(?mjﬂo L
i T () = 0 5 a0 #T(9l0,0) =2,

,_.
o
=

5E
1
o

and that

if £ — 1,
i x;—0,x;—0

if &4 — 0,

Ti Q?i*}O,CEj%O

if £ — 0& <1,

Tj z;—0,x;—0

iz 5 Q& B>,

i x2;—0,2;—0

) T (x;, x;
lim OT (s, z;) =
2;—0,2,;—0 ox;

< 8 8 8

which means that a marginal increment in i’s effort has a huge effect on the marginal probability of getting
zi. Such discontinuities have the unpleasant consequence of preventing the occurrence of zero equilibria.
Instead, we assume continuously differentiable functions, so that our CST has a symmetric and intuitive
behavior of the marginal probability of getting z; in a neighborhood of zero effort too. This allows zero effort
equilibria for a suitable combination of structural parameters.

Finally, notice that even if the logistic CST

eBri
L (:L'ia :L']') = eBTi i eBr;

is a smooth function, it has however the uncomfortable property of admitting either no pure strategy equilibria
or zero effort equilibriaH Moreover, the structural parameters that induce such kind of equilibria have no
clear micro founded meaning.

In Section 3, we will propose and use a different smooth ratio CT and our results will show that, together

with the other assumptions, it avoids these unpleasant equilibrium properties.

2.1.5 The Utility Function

We explicitly introduce a utility function defined on the set of possible outcomes in order to have a micro
founded contest model that clarifies the links between equilibrium properties and structural characteristics.
We remark that even if the specific form of utility function we consider is quite common in the political
economy hteratureﬁ its use in contest theory is new and has important implications. In particular, it allows
the introduction of auxiliary concepts that help to interpret our results. Note that these preferences are
single peaked and

argmax U; (z;) = g; (x4, 2;)

i.e. i’s goal is its bliss point, which reinforces our interpretation of g; (z;, ;). Using this property, it is

natural to define a contest polarization as the distance between agents’ bliss points.

7See e.g. Corchon 2007 and Konrad 2009.
8See Baik 1988.
9See for example Persson - Tabellini 2000.



Definition 2. The measure of contest polarization is defined through the function p : Rt x RT — RT given
by
p(21,22) = g2 (¥2,71) — g1 (71, 22).

The reason to use the distance between agents’ goals as a measure of polarization is the obvious intuition
that the more the agents’ goals diverge, the higher they become involved in the contest, as argued in Hirshleifer
1991, 1995a, 1995b and in Hirshleifer and Osborne 2001. In particular, note that agents’ goal incompatibility
is equivalent to strictly positive polarization. We will show that the way the polarization behaves is one of
the crucial elements to understand equilibrium behavior in contests: since by construction the agents’ goals
are incompatible, i.e.

g2 > g1 = p(w1,22) >0V (24, 75),

the attempt to reach the best possible outcome leads to compete. This is where the source of the conflicting
behavior is encompassed in our contest model. The utility function we use leads to a payoff function that

depends on both the polarization p (z1,x2) and the defeat outcome d; (z;, x;)

Ui (2i) = fi (|2 — g (@i, x;5)])

Si (x4, 4)
(:cl,:cj) + Sj (@5, 2:)
S (x5, xi)

) (

(:cz,:cj + Sj (@5, 2:)

Si(z, i)

fi @)+ Si (@i, x5) + Sy (5, %4)

fi(ldi (w3, 25) — gi (i, 5)])

filp (w1, 22) = gj (i, 25) — di (i, 25)]) -

2.1.6 The Possible Spillover

Our CM allows for direct spillover from the counterpart’s choices in the basic functions of the model, the effec-
tivity and the outcomes. Now we introduce and discuss three possible assumptions about the characteristics

of these spillover, assumptions that we will explore in the following sections.

Assumption 2. THE POLARIZATION ASSUMPTION: the greater each player’s effort is, the greater
the polarization becomes, while opponent’s effort has no effect on goals:

691 692 (i‘)gg

Jdg1
<0 =0,22 >0,22
81’2 8:E1

Oy Oxy

Then, from now on we will write

=0

g1 (21) :== g1 (v1,22) and ga (z2) := ga (v2,71)

The idea behind this assumption is that an agent’s own effort’s intensity push its own goal away from
the opponent’s one. In particular the polarization assumption has the crucial implication that the contest

polarization increases with both agents’ intensity of efforts: since

p (1, 72) = g2 (72) — g1 (1)

then
Op(x1,22) _ Ogu(z1) > 0 and dp (z1,22)  Jga (x2)

8:51 8:51 8I2 N 6302
We believe that this is common to many settings where the intensity of contestants’ behavior increases the

> 0.

distance between players’ goals.

Assumption 3. THE RADICALIZATION ASSUMPTION: the greater each player’s effort is, the

worse the opponent’s defeat outcome:

ddy ddy ddy ad,
6$1 < 76.%2 - 07 8I2 - 0’ 8:51 =0



Then, from now on we will write
d1 ($2) = d1 (Il, IQ) and dg (Il) = dg ($2,$1)

The idea behind this assumption is that an agent’s effort affects the counterpart’s defeat outcome, i.e. the
greater the intensity of effort, the worse the defeat conditions. In particular the radicalization assumption
implies that the counterpart’s effort intensity push the defeat outcome away from a player’s bliss point, so

ha
o Oy (r2) ~gr (e1)] _ 0 (a2) _  Dlga(oa) o) __Ody(a) _

8I2 a 8I2 8:51 8I2

Again, we believe that this case where an increase of a contestant’s effort induces a worse outcome for the

loser is quite common and characterizes situations where the confrontation between counterparts lead to a

more radical standing towards the loser of the contest.

Assumption 4. THE DIRECT DESTRUCTIVE ASSUMPTION: the greater each player effort is,

the lower the effectivity of the counterpart’s effort becomes, i.e.
852 (Zi; Zj) < 0.
(i‘)Ij

The idea behind this assumption is that an agent’s effort can directly reduce the effectivity of the coun-
terpart’s effort, for physical, economic or institutional reasons. Note that the expected effects on the CST

are reinforced by the direct destructive assumption:

1. The probability of getting its goal is increasing in an agent effort

9Si(xi,x; 9S8 (xi,x;
OP;(gi]S,5;) _ PGS (ay @) - 2L S, (2, ;)
dz; [Si (ziy ) + S5 (25, xi)]Q

> 0;

2. the probability of getting the defeat outcome is increasing in the opponent’s effort

95;(xi,z; 9Si(wi,x;
OPi(di|S:, S;) #Si (zj, i) — #Sj (z, ;)

5 > 0.
dx;j [Si (@3, ;) + Sj (x5, %))

The results of the next sections will show that these different possible assumptions play a different role

generating different characteristics of the equilibrium sets.

2.2 The Associated Game

From the definition of CM it is easy to derive a payoff function m; : X; x X; — R as

ri(wi ;) = / Ui (20) dP, (2]; (w0,25) , 85 (a1, 2,)) — Ci ()

21

_ S] (xjax’t) . () — o (s (e
Si(@ixj) + Sj (x5, 25) fi(ldi (25) = gi (2:)]) = Ci ()
— ](x]ax’t) ) - _ () — do (s _ (s
= Sy 15 Gy (P @) =gy () = di (a)]) = Ci (@)

and thus we obtain the class of associated strategic form game TM = {F = ({1, 21,0, 1%, mi (s, acj)) } .

We recall the definition of symmetric game.

10



Definition 3. A two players strategic form game
I'= ({1,2},X1 X X2,7T1(331,332),7T2(£L'2,£L'1)) .

is symmetric if and only if

7T1(l‘1,l‘2) = ﬂg(xl,xg),V:ci e X;,i=1,2.
Remarks
1. The strategic form game associated to a symmetric CM is symmetric;

2. The best reply correspondences

BR; (xj) := argmaxm;(z;, ;)
z;€X;

of a two players symmetric strategic form game are symmetric, i.e.

BffZ (IJ) = BRj (xl) .

3 The Results

In this section we aim at studying different possible sets of equilibria arising in the symmetric contest
model defined by Assumption [[I To this end, to better understand the role of each assumption on the
characterization of the equilibria set and to keep each case analytically tractable, we simplify as much as
possible the expression of each involved function, so that each parameter has a clear interpretation. After
specifying the family of CM we aim to investigate, we focus on three different scenarios, characterized by

specific spillover effects. In particular, we are interested in studying the cases in which there is

e no spillover;

e spillover on outcomes, stressing the different role of the polarization and of the radicalization assump-

tion;
e spillover in contest success technology (direct destructive assumption).

For each scenario we provide the expressions of the best response correspondences and the possible sets of
Nash equilibria. In particular, we classify best response correspondences with respect to their monotonicity.
To this end, we remark that a strictly non-increasing (respectively non-decreasing) function is a non-increasing
(respectively non-decreasing) but non-constant function, while a hump-shaped function on an interval [z1, 23]
is strictly non-decreasing on [z1, ¢] and strictly non-increasing on [c, 23], where ¢ € (21, x2).

We assume that all the functional forms in the elements defining a CM are linear. We notice that, despite

the simplification, linear functions can be seen as a local approximation of smooth functions

Assumption 5. LINEAR CONTEST MODEL
1. BILINEAR EFFECTIVITY FUNCTIONS:
Si(l‘i, I'j) = ﬁl’z (]. - Oél‘j) —+ ].,

where § > 0 and o € [0,1], so that S; is linear in x; and the marginal productivity of i’s effort is
linearly decreasing in x;. We notice that when the direct destructive assumption holds, we have o > 0,

otherwise o = 0.

10Dasgupta and Nti 1998 provide an alternative justification to focus on linear functions in contest models.
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2. LINEAR OUTCOMES:

g1 (1) = =0 = dx1, dy (22) = y32, g2 (22) = O+ 622, da(21) = —y1,

where 8 > 0 and § and v are both mon negative constants. We notice that when the radicalization

assumption holds, we have § > 0 and v > 0, otherwise § =~y = 0.

3. LINEAR UTILITY FUNCTION:

Up(z) == (z—g1(z1)), U2(2) =—(g2(z2) — 2),
where w.l.g. we normalize each linear function.

4. LINEAR COST FUNCTIONS WITHOUT SPILLOVER:
Ci(z;) = a3,
where w.l.g. we assume unitary marginal cost.

The previous assumptions imply the following CST function

ﬂl’z(].*al'j) _ o
Bz (1 — ax;) + Pz, (1 — ole +2 if zi=gi(x),
Pi(2i|Si (w5, x5) , S5 (x5, 1)) = B (1 — ax;) + o, "
i (1 — axj) + B, (1—04301 +2
0 otherwise,

so that the resulting payoff functions of the strategic form game associated to the linear CM are

Baj (1 —oax;) +1
Bx; (1 — axy) + B (1 — ax;) + 2

(@i, 15) = — [0+ 0z + yaj] — ;. (2)
In this way, we obtain the class of strategic form game 'Y, where 7; are defined by [@)). Notice that the
constant term “+41” in the expression of the effectivity function, thanks to the CST function, is absolutely
general. In fact, the case of S;(x;, ;) = Bx; (1 — ax;) + k with k& > 0 can be easily rephrased in the present
one by rescaling 3, so that we obtain a correspondent CST function of the form (TI).

Let now discuss the meaning of parameters and functions and their role in the linear CM.

Firstly, we focus on the CST. Apart from continuity, the CST we consider has two important characteris-
tics. First, as with Tullock’s CST, there is equiprobability of both outcomes when both agents bid the same

intensity of effort

Ba* (1 —ax*) + 1 1.
* * * * ) Zf Zi = Yis
La* (1 — ax*) + Pa* (1 — ax*) + 2
$j=Ii:I*<:>Pi(Zi|Si,Sj): ﬂl‘* (17041‘*)%»1 _1 Zf 2 = d
Br* (1 —az*) + fa* (1 —az*)+2 2 L
0 otherwise.

However, differently from Tullock’s CST, the present CST does never reach probability 1 even when there is

full asymmetry of efforts

B+1 B
? if zi=gi(l),
Pi(2]9:(1,0),8; (0,1)) = = ;¢ . _gq.
j 510 if 2z =4d;(0),
0 otherwise,

12



Figure 1: Probability of achieving goal depending players’ efforts.

i.e. it is as if there is an implicit noise such that no player can win with certainty even if it deploys the

maximum intensity against null counterpart’s intensity. Nevertheless, as [ increases, the probability of

success converges toward 1, as well as that of defeat vanishes. The situation is illustrated in Figure [I1
Counter-intuitive consequences of the use of the generalized Tullock CST are not restricted to the oc-

currence of discontinuities, also the interpretation of 8 as a measure of the marginal impact of an increase
B
i

decreasing in z according to 5 2 1 and it is not monotone with respect to g, in our case 3 is trivially the

in an agent’s effort is debatable. Actually while the derivative of the effectivity function z is increasing or
marginal productivity of i’s effort on its effectivity function and has the intuitive properties we expect from

marginal productivity. Since
QSZ (Zi; Zj)
63@

is obviously constant in x;, decreasing with respect to the counterpart’s effort z; when there are spillover

=B (1 —azj)

and monotonically increasing in 3, then (8 is an obvious measure of the marginal productivity of effort on
effectivity. To the best of our knowledge, the functional form for the agents’ effectivity function we use here
first appears in Dasgupta and Nti 1998. However, they approach the contest problem from a completely
different point of view, since their aim is to support specific contest success functions, such the one used in
this paper, from a mechanism design perspective. However, their results provide an independent justification
for the use of this effectivity functional form.

Second, we remark that an obvious effect of the assumption on outcomes is that polarization now is

linearly increasing in both agents’ efforts
p(x1,22) =20+ 6 (21 + 22) . (3)

Moreover, also the defeat outcomes are pushed toward a worse outcome by the counterpart’s effort when
there are spillover. Both these effects negatively affect i’s expected outcome in the associated game’s payoffs.
The parameters of this linear version of the CM are crucial for our results, hence to help the reader and

the interpretation we report their meaning in the following table

13



Parameters Meaning

ac[0,1] destructiveness of effort
B € (0, +00) productivity of effort
v € [0,+00) | endogenous radicalization

)
0 € [0,400)
0 € (0,400) ex ante polarization
Table 1: the structural parameters of the CM and their meaning

endogenous polarization

In the remainder of this section we are going to consider three families of games belonging to the class

of strategic form game 'Y, obtained when no spillover effects are taken into account, I'*V S

I\LSO FLSO

, when there are

spillover on outcomes, , and when spillover affects effectivity function,

3.1 The case of no spillover

This first example we consider is the simplest situation in which we have no spillover, which means setting
a=v=209=0,so that IIVY = 36 and ANS = 0. The players’ payoff functions then result

ﬂl‘j+1

[ i | 4
Bxi+6xj+2 Ly ( )

(T, ;) =

from which we have the class of strategic form games '™V = {r=({1,2},[0,1)%,7)} with n(z;,z;) =
m1(x1,x2) X ma (22, x1), where m; are defined by (). Firstly we characterize the best response functions for

this class of games.

Proposition 1. The best response functions related to games I' € NS gre continuous, piecewise smooth

BRi(:cj)maX{min{xj%Jr%\/m,l},()}, 5)

which satisfies BR(x;) = 0 for those x; for which BR;(xz;) = x;. Note that the best response function can

be either constantly equal to 0, constantly equal to 1, strictly non-decreasing or hump-shaped.

functions given by

The dependency of the possible best response function shapes from the parameter configurations is re-
ported in Figure P2l We notice that by means of monotonicity of the best response functions we can actually
classify corresponding games I' € T'XY S In fact, when functions BR; are constantly equal to either 0 or 1,
we can say that game I' is characterized by strategic dominance, while when BR; is strictly non-decreasing,
game I" is characterized by strategic complementarity.

Concerning the possible resulting equilibria, a key role is played by the continuity of best response
functions and by their flatness at fixed points. The former aspect guarantees the existence of the Nash
equilibrium while the latter one, together with continuity, provides uniqueness. We have the following

Proposition.

Proposition 2. When the best response function ([Bl) for games ' € TENS s

e strictly non-decreasing, then the unique Nash equilibrium is a symmetric corner equilibrium;
o hump-shaped, then the unique Nash equilibrium is internal and symmetric;

e constant, then the unique Nash equilibrium is a symmetric corner equilibrium.

For any parameter configuration, no asymmetric equilibria occur.

14



15 ™
4+ Hump-shaped
10 4 Strictly non-decreasing
.
-+ Constant 1
5
Constant 0
0
5 10 15
0

Figure 2: Possible best response functions of games I' € T'XY 9 with respect to 6 and 3. Blue (respectively
cyan) region represents parameters’ combinations for which the best response is constantly equal to 1 (re-
spectively to 0). Green (respectively white) region represents parameters’ combinations for which the best
response function is strictly non-decreasing (respectively hump-shaped). Darker shades of each color are used

for region boundaries.

B=01,0=10 B=050=10 B =0.68,0=10 8=1,0=10
1 1 ; 1
505 505 = 0.5 505
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
€ &1 T Ty

Figure 3: Combinations between the possible shapes of the best rest response functions and the resulting

Nash equilibria for games I' € DTV s,

The results of the previous Proposition are graphically sketched in Figure

Let define 504

then we can prove the next result.

Corollary 1. For gamesT € rins, for any parameter configuration, there exists one and just one symmetric

Nash equilibrium (zN¥ 2NE) which can be either an internal or a corner equilibrium and is defined by

0 if Be(0,3]vo=o,
oNE = L oNE iy B e (%,%4) ANE >4 .
B € (5,00) N0 € (0,4],
1 zfﬂ€[9f4,oo)A9>4



15
(275 215)
10
o (1, 1)
5
(0,0)
0
0 5 10 15
0
Figure 4: Possible equilibria of games I' € TV S with respect to # and S. Darker shades of each color are

used for region boundaries.

In Figure [d] we graphically represent the dependency of the contest equilibrium on 3 and 6.

Remark 2. The results of Propositions[dl and[2 have been obtained in the particular case of linear effectiveness
and cost functions. However, such results still hold in general. The related Propositions can be found in

Appendiz.

From[it is immediate to derive the following result on the effects of structural parameters on the intensity
of the effort at the Nash equilibrium.

Corollary 2. For games ' € rivs

NE

1. The intensity of the effort in equilibrium x;' " is weakly increasing in the marginal productivity of the

effort B and in the agents’ polarization;

2. an increase in ex ante polarization 6 has the effect of reducing the interval [0, %] of B for which there

1s zero conflict, while it increases all the other intervals.

The first result of Corollary [2] is intuitive and all structural parameters affect as expected the intensity
of conflict at the equilibrium. The second result is particularly interesting to interpret real contests, because
it says that when there are no spillover and polarization is high, then a small increment in the marginal
productivity of effort dramatically changes the equilibrium regime from no conflict to intermediate or even
maximum conflict. In other words, when ex ante polarization is big, small institutional or technological
changes may have a huge effect on the equilibrium behavior, which explains why the ex ante distance between

counterparts’ goals often is the object to monitor to minimize the risk of hugely disruptive conflicts.

3.2 Best response functions and equilibria with spillover in outcomes

In this section we investigate the consequences of introducing spillover in outcomes, which is obtained taking
~v > 0 and § > 0, while keeping o = 0. We notice that, in the present case, spillover has effect on the
polarization, too. The resulting payoff functions are then
5.733‘ +1

v J

mi(wi, 7)) =

16



from which we can obtain the class of strategic form games I'*5¢ = {I = ({1,2},[0,1]%, 7) } with m(z;,z;) =
m1(x1,x2) X wo(xe, 1), where ; are defined by (8.
The following results possibly get a more simple expression if we use the following two synthetic param-
eters,
A(y,0)=v—96 and A(B,0,0) = B0 — 26,

Let consider the interpretation of A and A. Under Assumption 4.2 we have

8&21 8&22
both players’ efforts affect the divergence between goal and defeat outcomes, i.e. a measure of the how

o A(v,0) = g—g; + g—lel = — <% + %) = 76%1_ [(g2 — g1) + (d2 — d1)], hence A is a measure of how

an agent’s effort affects both polarization and radicalization. In particular

Y= AT=~y1TVd] and d|l=ATt=>~yTVil|

which means that an increment in A reduces the effects of ’s effort on polarization (§ }) and/or makes

worse the effects of j’s effort on i’s defeat outcome, i.e. the effects of radicalization (v 1). In particular
A>0&y>46

i.e. A is positive if and only if radicalization prevails on polarization. Hence, we expect that an
increment in a positive A would increase the equilibrium efforts.
aSz (Oé = 0) 9 891-

ization and the productivity of i’s effort net of the polarization effect. In particular

o A(B,6,5) =0

, hence A is a measure of the combination between ex ante polar-

BrVOt=A1=B1VO1TVS| and §l=At=B1VO1T VS|

which means that an increment in A reduces the effects of i’s effort on endogenous polarization (§ |)
and/or increases the marginal productivity of effort (8 1) and/or increases the ez ante polarization
(0 1). In particular

A(B,0,0) >0« B0 > 26

i.e. A is positive if and only if the combination between ex ante polarization and the productivity of
1’s effort prevails on the polarization effect. Hence, we expect that an increment in a positive A would

increase the equilibrium efforts.

Now, we characterize the best response relation for this class of games.

Proposition 3. The best response functions related to games I' € T'L99 are continuous, piecewise smooth

functions given by

0 if BAz; + A <0,
BRi(z;) =4 . 2 1 .
mm{max{:chJrB (BAz; + A) (ﬂ:chrl),O},l} if BAz; + A > 0.

Note that with the radicalization assumption, the best response function can be either constantly equal to 0,

9)

constantly equal to 1, strictly non-increasing, strictly non-decreasing or hump-shaped.

Notice that the continuity of the best response function guarantees the existence of the Nash equilibrium.
The main difference with the result of Proposition [Il despite the possibility of having strictly non-increasing
best response functions, lies in its behavior at fixed points Z. In the case of no spillover, best response

functions must be flat at &, which guarantees the equilibrium uniqueness. Such property no more holds when
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30 — 26

20 30

1 Hump-shaped

1 Strictly non-increasing

 Strictly non-decreasing

Constant 1

Constant 0

Figure 5: Possible best response functions of games I' € T'E59 with respect to 80 — 26 and v — 6. Blue
(respectively cyan) region represents parameters’ combinations for which the best response is constantly
equal to 1 (respectively to 0). Green (respectively yellow) region represents parameters’ combinations for
which the best response function is strictly non-decreasing (respectively strictly non-decreasing). Darker

shades of each color are used for region boundaries and corners.

there are spillover in polarization and in outcomes. This is the root of the next Proposition. However, first
let consider the specific case A = A = 4 : then it is immediate to see that best response function (@) reduces
to BR;(z;) = x;. This means that in this very peculiar case any strategy z; € [0, 1] is a Nash equilibrium.
We avoid to further deal with this case, so in the remainder of this section we assume that at least one of

the two synthetic parameters A = — § and A = 30 — 2§ is different from 4.

Proposition 4. When the best response function for a game I' € riso s
e strictly non-decreasing, then we can have

— a unique symmetric corner Nash equilibrium;

18



— three symmetric Nash equilibria, which correspond to an internal equilibrium and the two corner
equilibria. For some parameter configurations, the internal equilibrium can coincide with one of

the corner equilibria;
e hump-shaped, then we can have

— one symmetric internal Nash equilibrium;
— one symmetric internal Nash equilibrium, together with two asymmetric internal Nash equilibria;

— one symmetric internal Nash equilibrium together with two asymmetric boundary Nash equilibria;
e strictly non-decreasing, then we can have

— one symmetric internal Nash equilibrium,;

— one symmetric internal Nash equilibrium together with two asymmetric boundary Nash equilibria;

— one symmetric internal Nash equilibrium together with the two corner asymmetric Nash equilibria
(1,0) and (0,1);

e constant, then the unique Nash equilibrium is a symmetric corner equilibrium.

In Figure [Gl we represent the various scenarios resulting from Proposition[d] avoiding to report the trivial

case of constant best response functions.

I%E:_G) [A4}:(ﬂ926)4 (10)

Let us introduce

5) |15=4] B o
and
NE 1 [A(VEFI+VA) - A (VATFI- VA)
Ty A8 = — (E) 2A\/Z _
1080 —2) — (3~ )] /BT — (89— 26) + (7 - 9)]
- 28(y—0) "
NE 1 A(\/mJF\/Z)JFA(\/A—Hf\/Z)
245 =T (E) 2IAVA =
[(m* 26) — (7*6 (”(;5)54)} — (86— 28) + (v — 6)]
o 25 (7= )
and
N(l> (2-vE) = Y=
(12)
xﬂg:_(%) (2+8-VB+DBATN) = V(“l)[(ﬂf’ﬁ%)w(vaﬂ,

We can then summarize the set of possible Nash equilibria in the following Corollary.

FLSO

Corollary 3. For any game I' € and for any parameter configuration, there exist up to three Nash

equilibria, which can be all symmetric or one symmetric and two asymmetric. In particular,

1. when the internal symmetric equilibrium exists it is given by (xﬁVSE,xﬁst ),
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Figure 6: Combinations between the possible shapes of the best response functions and the resulting Nash
equilibria for games T' € T'T59 In the first row we report the cases corresponding to strictly non-decreasing
functions, in the second row those corresponding to hump-shaped functions, in the third row those corre-

sponding to strictly non-increasing functions.

2. when the internal asymmetric equilibria exist they are given by (x{\{fs, :cé\,[fs) and (:cé\ffs,:r{\{fs)

3. when the boundary equilibria exist they are given by either (xé\fg, 0), (O,xé\fg) or (acf{g, 1), (1,30{\{]?)

Corner equilibria can be either symmetric or asymmetric.
Hence, we might conclude with the following corollary.
Corollary 4. For any game I' € T'L99 there ewist

o multiple symmetric Nash equilibria if and only if

13
A 4 (13)

o asymmetric Nash equilibria if and only if
1< A<pd—A)+4, (14)

A< —4;
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e a unique symmetric equilibrium if and only if

A >4,

UQA>4, (15)
A<ﬂﬁ%i.

A <4, g A >4,
A < 4(5-%-51)—/\7 A > 4(ﬂ+61)_A’

We remark that if condition (3)) is fulfilled with a strict inequality, then we have three distinct equilibria,
while when the equality occurs the internal equilibrium coincides with either (0,0) and (1,1), and we actually
have the two symmetric corner equilibria. In what follows we focus on the case of three distinct equilibria.

We notice that multiplicity of symmetric equilibria, i.e. condition ([[3]), necessarily requires A > 4, as well
as multiplicity of asymmetric equilibria, i.e. condition ({4]), necessarily requires A < —4. This is in agreement
with the case of no spillover, in which A = 0 and no multiplicity of equilibria is possible. Moreover, if the
divergence between goal and defeat outcomes is suitably small (|A| < 4,) the possible arising scenarios are
the same of the case with no spillover, and only a unique symmetric equilibrium is possible. This means that
the measure of how both players’ efforts affect the divergence between goal and defeat outcomes should be
big enough or small enough to get multiple equilibria, while for intermediate values we get uniqueness as if
there are no outcome spillover. Similarly, multiplicity of symmetric equilibria, i.e. condition (I3]), necessarily
requires (4 — A)+4 < A < 4, as well as multiplicity of asymmetric equilibria, i.e. condition (I4]), necessarily
requires 4 < A < (4 — A)+4. This means that the measure of the combination between ex ante polarization
and the productivity of i’s effort net of the polarization effect should be upper intermediate to get multiple
asymmetric equilibria, while for low intermediate values we might get multiple symmetric equilibria. More
generally, if endogenous radicalization is sufficiently large with respect to endogenous polarization, multiple
symmetric equilibria can arise, for intermediate values of A. On the other hand, if endogenous radicalization is
sufficiently small with respect to endogenous polarization, multiple asymmetric equilibria can arise, again for
intermediate values of A. Since A is a measure of how both players’ efforts affect the divergence between goal
and defeat outcomes, i.e. a measure of the how an agent’s effort affects both polarization and radicalization
these means that the existence of multiple symmetric equilibria requires a huge endogenous effect of effort
on radicalization net of polarization, while the existence of multiple asymmetric equilibria requires a huge
endogenous effect of effort on polarization net of radicalization.

Let now consider all our four parameters, i.e. productivity of effort 3, endogenous radicalization -,
endogenous polarization 0 and ex ante polarization 8. The fact that in our model there are four parameters
means that it is impossible to have a full picture of the relative behavior of these parameters. However its
is interesting to consider the necessary and sufficient conditions w.r.t [ and 6, for given ~ and 4, and, vice
versa, the necessary and sufficient conditions w.r.t ¢ and ~y, for given g and 6.

Let consider § and -, for given 8 and 6. The necessary and sufficient conditions for multiple symmetric

equilibria can be written as

B+2

BA-A)+4<A<4 @59—4
A >4

0)—4 1
<5<rnin{fy4;ﬂ(ﬁ)lJr ) B+ )}
which means that endogenous polarization should be bounded below by the interaction between productivity
of effort and ex ante polarization and above by a measure of endogenous radicalization. This means that,
as the following picture shows, both endogenous polarization and endogenous radicalization should be big
enough, even if endogenous polarization can’t grow to quickly.

On the other hand, the necessary and sufficient conditions for multiple asymmetric equilibria can be
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Figure 7: (0,7) regions where there are multiple symmetric, asymmetric or unique NE. Boundaries are

represented by darker colors with respect to the region to which they belong.

written as

{4<A<6@AH4

@max{’y+4;ﬂ(7+0)4(ﬂ+1)}<5< po—4
A< —4

B+2 2

which means that endogenous polarization should be bounded above by the interaction between productivity
of effort and ex ante polarization and below by a measure of endogenous radicalization. This means that, as
the following picture shows, both endogenous polarization and endogenous radicalization should be significant
but they are restricted in their values, while a crucial role is played by the interaction between productivity
of effort and ex ante polarization that should be big enough.

It is also interesting to consider the necessary and sufficient conditions w.r.t 5 and 6, for given § and ~.

The necessary and sufficient conditions for multiple symmetric equilibria can be written as

4426 4426
{ﬁM—M+4<A<4 it <<
A>4 A>4

which means that the productivity of effort should be bounded below and above by two values that are
decreasing in ex ante polarization but increasing in endogenous polarization. On the other hand, the necessary

and sufficient conditions for multiple asymmetric equilibria can be written as

4426 4426 4425
{4<A<5@m+4 —7—<5<§:@j5 L <
A< A< —4AN0>4—A A< —4N0<A—4

which means that the range of possible values for the productivity of effort depends on the value of ex ante
polarization. These cases are sketched in Figure[§, in which we also report how thresholds vary depending on
0 and -y, when the dependence is uniform with respect to the other parameters. These figures shows that the
regions for different et of equilibria in the (0, 3) space have a similar behavior w.r.t. the case of no spillover,
where for big value of ex ante polarization, a small increase in the productivity of effort is sufficient to shift
from a region with no effort to an intermediate situation, possibly with multiple symmetric or asymmetric

equilibria, to a region with maximum effort only.
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Figure 8: (0,0) regions where there are multiple symmetric, asymmetric or unique NE. Boundaries are

represented by darker colors with respect to the region to which they belong.

Finally, the correspondence between parameters 50 —29,v—¢ and 5 and the possible sets of Nash equilibria
are reported in Figure [d for some fixed values of productivity of effort.

In the following Corollaries we collect several results concerning the effects of the parameters on the
equilibria, also focusing on their role on the occurrence of multiple and asymmetric equilibria. We start
studying how the intensity of effort at the various Nash equilibria varies depending on (3,4, and 6. We
assume that the parameters’ perturbation is such that it does not affect the existence of the particular
equilibrium. In this sense, the results of Corollaries Blf] and [ are local. In the first Corollary we focus on

the internal symmetric equilibrium.

Corollary 5. 1. Let 80 — 25 > 4 (or equivalently v — § < 4). Then there is a unique equilibrium and an

increase of B, or 0 leads to an increase of xNE, while an increase of § leads to a decrease of xNF.

2. Conwversely, let 50 — 2§ < 4 (or equivalently v — § > 4). Then there are multiple symmetric equilibria

and an increase of B, or 0 leads to a decrease of x%E, while an increase of 0 leads to an increase of
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Figure 9: Possible equilibria of games I' € with respect to v — § and 6 — 24, for various values of f3.

Darker shades of each color are used for region boundaries and corners.
NE
74’
Now consider the internal asymmetric equilibrium. We remark that, from the definitions of x{v ES and
25 B, we have that internal asymmetric equilibria are (] 5, 25'%¢) and (23§, 21'Kq) where 21 g > 22 ¥¢
provided that v — § < —4.
Corollary 6. Increasing 3,7 or 0 leads to an increase of x{\ffs, while increasing 0 leads to a decrease of
NE
T1,AS-
Increasing 3 or 0 leads to an increase of xév ES. If B is sufficiently small, then increasing v or decreasing
0 decreases xé\fffs. If B is sufficiently large and B6 — 20 is sufficiently small, increasing v or decreasing &

decreases xé\ffs, while if B is sufficiently large and 50 — 26 is sufficiently large, increasing v or decreasing §

increases Th .
Finally, the case of asymmetric equilibria on the boundaries.

Corollary 7. The intensity of effort xé\f E increases with B and 0, while it decreases as § increases.

The intensity of effort x{v E increases with 8,0 and v, while it decreases as & increases.
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These results on local comparative statics require some comments, considering the different possible

scenarios:

1. when there is a unique equilibrium, then the equilibrium effort in equilibrium is increasing in the
marginal productivity of effort, in endogenous radicalization and in the ex ante polarization but, may
be surprisingly, it is decreasing in the endogenous polarization. The point is that with a bigger ¢, an
increment in effort has two effects: on one hand it increase the likelihood of winning the contest, on the
other hand it pushes further away the two players goals, while an increase in v makes a default worse,

incentivizing more effort;

2. the results are more complex, however qualitatively similar when there are multiple asymmetric equi-
libria

3. when there are multiple symmetric equilibria, surprisingly the effects of the parameters are completely
reversed: the equilibrium effort in equilibrium is decreasing in the marginal productivity of effort,
in endogenous radicalization and in the ex ante polarization but it is increasing in the endogenous
polarization. However it should be emphasized that in this case, an increase in endogenous polarization
increases the regions with zero effort equilibria while an increase in endogenous radicalization increase

the regions of maximum effort equilibria.

We believe these results shows the importance of distinguishing endogenous polarization and radical-

ization, because of the different role played on equilibrium effort.

3.3 Best response functions and Nash equilibria with spillover in effectivity

function

In this section we investigate the consequences of introducing spillover in CST, in particular on effectivity
functions. In this case we assume o > 0,7 = § = 0, i.e. a positive direct destructiveness effect.

Then, the resulting payoff functions are
Bxj (1 —ax;)+1

_aﬂxi (1fa:cj)+ﬁzj(1fo<:ci)+29_$i+b’ (16)

mi(wi, 7)) =

from which we obtain the class of strategic form game I'*5F = { = ({1,2},[0,1]%, )} with 7(z;,2;) =
m1 (a1, x2) X mo(xe,x1), where m; are defined by (TG

Let us introduce

__4da—B+p0—4+/(da+ B)(da + B — 46 — 200 + 56%)

K 26(1 — 20+ ab ' (17)

Firstly we characterize the best response functions for this class of games.

Proposition 5. Let us consider games I € TLY5E | Then

o if a < 1/2, the best response function of player i is the continuous, piecewise smooth function

BRi(xj)max{min{ﬁ_\/ﬁ(4a+ﬁ_a69),l},0}, (18)

2a8

for which if BR;(x;) = xj, then BR}(x;) =0
e if a >1/2 and B0 < 4+ B/«, the best response function of player i is the continuous, piecewise smooth

function
[ p—\/B@atp—apb) } } : !
max<{ min{ ——————"-—=1,.0 if 0<z; < 55,
BRi(z;) = { { 2ap Lo (19)
0 if 55 <25 <1
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for which if BR;(x;) = xj, then BR(x;) =0
o If a >1/2 and B0 = 4 + B/«, the best response correspondence of player i is the upper-hemicontinuous

COT’T’BS])O’IldCTLCB

max{min{ﬂ_— Vﬂ(w"ﬁ_aﬁe),l},O} if0<ax; <o

2a 207
BR;(z;) = (0, 1] if o) = 5=, (20)
0 if 5= < <1,

whose restriction to {x; # 1/2a} is a continuous function;

e if « > 1/2 and B0 > 4+ B/a, the best response correspondence of player i is the upper-hemicontinuous

COT’T’BS])O’IldCTLCB
m{m{ﬂ—wl}o} FO0<a, <L,
1 . 5
BRi(z;) = { ! if 50 S 2 <Ij, (21)
{071} iij :.fj,
0 if jj <xz; < 1,

whose restriction to {x; # T;} is a continuous function.
Depending on o, and 0, if T; ¢ [0,1] then the best response function can be either constantly equal to
0, constantly equal to 1, strictly non-decreasing or hump-shaped. Conversely, if Z; € [0, 1], the best response

correspondence is non-decreasing for x; < T; and constantly equal to 0 for x; > ;.

In Figure we report the resulting shapes of the best response depending on parameters o and 6 for
different values of 3, distinguishing in particular when it is a function or a correspondence.

The main difference between the case with spillover on effectivity function and those without spillover
or spillover in the outcome is that in the present case the best response can be a correspondence and not
a function. In particular, we can have that the best response correspondence is not convex-valued, hence
the existence of the Nash equilibrium is not guaranteed anymore. The situation is studied in the following

Proposition.

Proposition 6. When the best response for games I' € LS s g function and is

e strictly non-decreasing, then the unique Nash equilibrium is a corner equilibrium;
e hump-shaped, then the unique Nash equilibrium is internal and symmetric;

e constant, then the unique Nash equilibrium is a symmetric corner equilibrium;

When the best response for games I' € Y9 s not a function, then we can either have a symmetric
internal equilibrium (which can eventually become a corner equilibrium) or no equilibria.

For any parameter configuration, no asymmetric equilibria occur.

In Figure [Tl we report the various scenarios resulting from the previous Proposition, neglecting the trivial
case of constant best response functions. The previous results can be summarized in the following Corollary,

in which we use

NE _ VB(da+ 5 — aB)

: (22
YIS T 94 2a08

Corollary 8. For game I''SE | we can have either a unique symmetric equilibrium or no equilibrium.
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Correspondence

Hump-shaped

Strictly non-decreasing

Constant 1

Constant 0

Figure 10: Possible shapes of best response functions/correspondences for games I' € rise

with respect to 0
and «, for different values of 3. Blue (respectively cyan) region represents parameters’ combinations for which
the best response is constantly equal to 1 (respectively to 0). Green (respectively white) region represents
parameters’ combinations for which the best response function is strictly non-decreasing (respectively hump-
shaped). Pink region represents parameters’ combinations for which the best response is a correspondence.

Darker shades of each color are used for region boundaries and corners.

As for the case with spillover on outcomes, we investigate the effects of the parameters on the equilibrium,
also focusing on its existence or not. Also in this case the proof is omitted.

Corollary 9. The intensity of effort 2™ increases as 3,0 and o increase.
We have no equilibria if and only if
a>1/2,
§<ogie
Let note that we have the usual effects of the marginal productivity of effort and of ex ante polarization
on the equilibrium effort as well as of the direct destructiveness parameter, however when these effects are
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Figure 11: Combinations between the possible shapes of the best response functions/correspondences and the
resulting Nash equilibria for a game I' € T'L9% In the first row we report the cases in which the best response

is a function, in the second row we report the cases in which the best response is only a correspondence.

big enough, then they destroy (pure strategy) equilibrium existence because of the discontinuity in the best

reply functions.

4 Conclusion

To the best of our knowledge, the results of this paper are quite innovative, because no contest model is
able to generate all these results, connecting the characteristics of the set of equilibria to fundamental micro
properties of the contest model. In particular Chowdhury and Sheremeta 2011a construct a generalized
Tullock contest and characterize the unique symmetric equilibrium, while Szidarovszky and Okuguchi 1997
analyze existence and uniqueness for general but standard models, however we think that our basic parameters
have more neat and useful interpretations making applications more immediate, as we have shown in previous
corollaries. Moreover Chowdhury and Sheremeta 2011b use their generalized contest model to derive the
conditions that imply the existence of multiple asymmetric equilibria, however in our model we find not only
multiple asymmetric equilibria, but also multiple symmetric equilibria that can easily be Pareto ordered.
Again, the conditions implying these kind of equilibria have a neat strategic interpretation. In particular
our results provides clues to interpret real contests’ situations stressing the role of contest success technology

(8) and of polarization (), of endogenous polarization and radicalization (y,0) and the consequences of
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Figure 12: Possible equilibria of games I' € with respect to o and 6, for various values of . Darker

shades of each color are used for region boundaries and corners.

destructive possibilities («) for the properties of the set of Nash equilibria, to induce uniqueness or multiplicity,
symmetry and asymmetry.

Our future work will focus on out of equilibrium dynamics, which is analyzed in the companion paper
Cavalli et al. 2016, on the ways of modelling players’ multiple goals and multiple contest tools with different

effects, e.g. defensive versus offensive efforts, which would mean different effectivity and cost functions.
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5 Appendix

This Section collects the proofs of the Propositions and Corollaries of Sections B.1] and B3] respectively
concerning the family of games I‘NS, rt99 and T2,

We remark that, thanks the symmetry of the considered games, we have that BR;(z) = BR;(z) for any
z € [0, 1], so in what follows we can focus on just the best response function BR;(z;) of player i with respect

to the strategy z; of player j.

5.1 Proofs of section [3.1]
We start noticing that, from (), we have

B (60 + B0x;) 258 (0 + BOz;)

8Ii7ri(:£i,:c-): 71, ('ﬁm(xz,x):f T

7 (Bai+ By + 2)° 1 T (Bri+ By +2)°
B30 (z; — ;) (23)

8§im,7ri(:ci,:cj): ‘ J 3.
’ (Bz; + Bxj +2)
Since 8%1_@ (xi,2;) < 0, the payoff function is strictly concave for any parameters’ configuration.
Let us introduce function 4 : [-1/8,+00) — R defined by
2 1

Tp(2) =—2— =+ z+ =180, 24
@) === S (4 5) (21)

which will be used for the characterization of the best response function. The properties of z are investigated

in the following Lemma, whose proof is omitted as straightforward.

Lemma 1. Function x4 is a strictly concave function for which

B0 — 4
T4 (2m) = 2m < 2m = 15

where zy, is the unique maximum point of xy. It is strictly increasing (respectively decreasing) in [—1/8, zm)

(25)

(respectively in (zm, +00)), in which x4 (z) > z (respectively x4 (z) < z).
In the next Lemma we compute the best response function.
Lemma 2. The best response function BR; : [0,1] — [0,1] is given by
BR;(z;) = min {max {z (z;),0},1}, (26)
where x4 s defined by (24).

Proof. We start solving x; = argmax, ¢ 1) mi(2, x;) for a fixed z; € [0, 1]. From (23)), we have that 0, m; (2, v;) >
0 leads to
—B%x? + (—2xjﬁ2 - 45) T — (6230? —0B%x; +4Bx; — 0B + 4) > 0. (27)

Assuming that x; > —1/8, inequality 7)) is solved z_(z;) < x; < x4+(z;), where
2 1
ry(rj) =—2; — =% (IL"+—>9
( J) J B J 6 )
are real values for any positive 8 and 6. Noticing that z_(z;) < 0, for a fixed z;, we have three cases

o 1 (z;) < 0:the marginal payoff is negative for any x; € [0, 1], so the payoff function 7;(x;, z;) is strictly

decreasing any z; € [0, 1] and attains its maximum for x; = 0. In this case we have BR;(x;) = 0.
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o v (z;) € (0,1) : the marginal payoff is positive for any z; € [0,24+(z;)) and negative for any z; €
(z4(xj),1], so the payoff function m;(z;,x;) is strictly increasing for z; € [0,24(z;)) and strictly
decreasing for x; € (x4 (z;),1], and attains its maximum for x; = x4 (x;). Then, we have BR;(z;) =

T4 ().

o 1z (z;) > 1:the marginal payoff is positive for any z; € [0, 1], so the payoff function 7, (x;, x;) is strictly

increasing for any x; € [0,1] and attains its maximum for z; = 1. We then have BR;(x;) = 1.
This allows concluding. i

In the next two Lemmas we prove two properties of the best response function.

Lemma 3. If BR;(%;) = 0 for some Z; € [0,1], then BR;(x;) = 0 for any x; > ;. If BR;(Z;) = 1 for some
z; € [0,1], then BR;(z;) =1 for any x; > Z;.

Proof. If BR;(Z;) =0, then 24 (Z;) <0 < &; and, from Lemma [l we have z/, (Z;) < 0. Since z is concave,
it decreases for any x; > Z;, and then, again from Lemma [l we have x4 (Z;) <0, i.e. BR;(x;) =0.

For the second part, if BR;(Z;) = 1 for some Z; < 1, we have that BR;(%;) = x4+(Z;) > #;. From Lemma
[ this means that z is increasing for any z; € (%}, 2, ). Since 2, = T4 (2m) > 4+ (Z;) = 1, this means that

24 is increasing, and hence larger than 1, for any x; > #;. This concludes the proof. I
Lemma 4. If BR;(z;) = z; for some x; € [0, 1], then BR}(z;) = 0.

Proof. If BR;(0) = 0, from Lemma [3] we have that the best response is null for any x; € [0, 1], so we trivially
have BR/(0) = 0.

If BR;(1) = 1, from Lemma 2l we have that x4 (1) > 1. If x4 (1) > 1, since x4 is a continuous function,
there exists a suitable interval (z;,1) such that x4 (z;) > 1, and in which hence BR;(x;) = 1. In this case
we trivially have BR/(1) = 0. Conversely, if 24 (1) = 1, from Lemma [2] we have that 1 is the maximum point
of x1 and so BR; = x4 is a suitable left neighborhood (1 — ¢,1] of 1, which provides BRj(1) =/, (1) = 0.

If BR;(xj) = z; for some z; € (0,1), we can conclude by noticing that BR; = x4 in a suitable neighbor-
hood (z; — €,x; + €) of x;, which provides BR;(z;) = 2/ (x;) = 0. 1

The previous Lemmas allow proving Propositions and Corollaries of Section B.11

Proof of Propositions [ and[d. From Lemmas[[and 2 we have that BR; is a piecewise smooth and continuous
function, while from Lemma ] we have that BR}(x;) vanishes if BR;(z;) = ;.

LXN9 then follows from the possible behaviors of z,,

The classification of best responses of games I' €
considering the properties of 2. shown in Lemma [Il and the expression of BR; provided by Lemma

If z, < 0, then we have that x4 (z;) < 0 = BR;(z;) for any z; € [0,1]. The unique possible Nash
equilibrium is indeed (0, 0).

We notice that if z,, > 0, we have 24 (0) > 0, as otherwise, by intermediate value theorem, equation
x4 (z) = z would have two positive solutions, which is not possible from Lemma [

Then, if 0 < 2z, < 1, there exists b < 1 (with b = 1 if and only if (1) > 0) such that BR;(z;) =
x4 (xj) for z; € [0,b] and BR;(z;) = 0 for z; € (b,1]. The best response function is then increasing for
xj € [0, z,), decreasing for x; € (2, b] and null for z; € (b, 1] (where this last interval can be empty). Since
BR;(2m) = zm, we have that (2, zn) is indeed a Nash equilibrium. Moreover, from (25) we can not have
further solutions of BR;(x) = x, and is the unique symmetric Nash equilibrium.

If z,, > 1 and BR;(0) < 1, there exists b < 1 < z,, (with § = 1 if and only if 2, = 1) such that
BR;(z;) = xz4(xj) for z; € [0,b] and BR;(z;) = 1 for z; € (b,1]. The best response function is then

increasing for z; € [0,b), and constant for z; € (b, 1] (where this last interval can be empty).
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Finally, if z,, > 1 and BR;(0) > 1, since 4 is increasing up to z,, > 1, we have BR;(x;) = 1. The unique
possible Nash equilibrium is indeed (0, 0).

We stress that, since the previous conditions are mutually excluding, they are also necessary conditions
for the occurrence of each scenario.

Due to the shape of x;, we can not have asymmetric equilibria, since the graphs of the best response
functions y = BR;(z) and x = BR;(y) are subsets of regions which have in common only the set of symmetric
points {P € [0,1]2 : P = (x,2),z € [0,1]}. In fact, recalling also the previous considerations, we have that
if the best response function is strictly non-decreasing, the graph of y = BR;(z) lies above the bisector of
plane (z,y), while the graph of x = BR;(y) lies below the bisector of plane (z,y). Similarly, in the case of

hump-shaped best response functions, we have that

e the graph of y = BR;(z) lies above the bisector of plane (z,y) for « € [0, z,,], while the graph of
x = BR;(y) lies below the bisector of plane (x,y) for y € [0, z,,];

e the graph of y = BR;(z) lies below the bisector of plane (z,y) for © € [z,,1], while the graph of
x = BR;(y) lies above the bisector of plane (z,y) for y € [z, 1].

In the next two propositions we provide the analytic description of the regions reported in Figure 2] and

I\LNS

[ namely the characterization of best responses of games I' € and the occurrence of either internal or

corner equilibria with respect to g and 6

I\LNS

Proposition 7. We have that the best response functions of games I' € are

a) constantly equal to 0 if and only if SO < 4, which corresponds to the blue region of Figure[2;
b) hump-shaped if and only 4 < 50 < 43 + 4, which corresponds to the white region of Figure [3;

c) strictly non-decreasing if and only 43 +4 < 80 < (2 + B)?, which corresponds to the green region of
Figure[3;

d) constantly equal to 1 if and only if B0 > (2 + B8)2, which corresponds to the cyan region of Figure [

Proof. The previous regions are obtained by simply solving z,, < 0 (when BR; = 0), 0 < z,, < 1 (for
hump-shaped best response functions), z, > 1 with z;(0) < 1 (for the strictly non-decreasing case) and
24(0) > 1 (when BR; =1). 1

Proposition 8. We have
a) the corner equilibrium (0,0) if and only if B0 < 4, which corresponds to the cyan region of Figure [J);
b) the internal equilibrium if and only 4 < B0 < 45+ 4, which corresponds to the green region of Figure [J];

¢) the corner equilibrium (1,1) if and only if 50 > 45 + 4, which corresponds to the blue region of Figure

@

Proof. Case a) is obtained from z,, < 0; case b) from 0 < z,, < 1; case ¢) from z,, > 1. 1
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Proof of Corollaries [l and[d We start rewriting conditions provided by Proposition8in terms of 3. If 6§ > 4

we have
0 if 8< 7,
i =€ (0,1) ifd<p <y,
1 if 8> 4.
while if 6 < 4 we have
2P — 0 if B< 3,

€(0,1) ifp> 4.

We obtained (). This means that, increasing § from 0 to 4oc, the Nash equilibrium is initially the cor-
ner equilibrium (0, 0), it subsequently becomes the internal equilibrium (zYF 2NF) and then it (possibly)
becomes the corner equilibrium (1,1). Notice that :C%E is increasing in 3.

Rewriting conditions provided by Proposition [ in terms of 6

0 if0 >4,
zg =€ (0,1) if <<
1 ﬁ9<ﬂ%¥

we have that 6 from 0 to +o0o the Nash equilibrium is initially the corner equilibrium (0,0), it subsequently
becomes the internal equilibrium (2, zF) and then it (possibly) becomes the corner equilibrium (1, 1).
Notice that xﬁVSE is increasing in 6. The last result is straightforward and concludes the proof.

|
The next Proposition is devoted to the generalization of the previous results.

Proposition 9. Let us assume that there is no spillover in the agents’ effectiveness of the efforts, the contest
polarization is constant with respect to the efforts and there is no spillover in the cost function. Then, the

following scenarios are the only that can occur:

Best replies Nash equilibrium
(I) | BR;(z;) is a positive function | (xN¥ 2NF) e (0,1)x (0,1)

with unimodal shape in [0, 1]

(II) | BR;(x;) is a positive function | (zN¥, zN¥) € (0,1) x (0,1)

with unimodal shape in [0, x,] and

null in [zq,1]

III) | BR; (x;) is a positive function in- xNE,xNE =(1,1
j i J
creasing in [0, x,] and equal to 1 in
[a, 1]
1V) | BR; (z;) is constantly null xNE,xNE = (0,0
j i J
(V) | BR;(x;) is constantly equal to 1 (xNF,aVE) = (1,1)

where z, € (0,1] In all the situations we have that BR'(zN¥) = 0 and that the equilibrium is unique.

Proof. Thanks to the symmetry, we can focus only on player 1. Under the previous assumptions, we have
that effort and cost functions are actually one dimensional, and, for the sake of notation, we will again denote

with S and C. The payoff function becomes

S(x2)

5@g+5@g9’0@”

7T1(SC17932) = -
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with marginal payoff
P — _S@)S@) g v
211 (21, T2) (S(@1)+5(22)) (21)

and

S(z2)(S(z1)+S(x ))6515(1‘1)—25(55 )92y S(x1))?
8%171'1 (xla IQ) = - (2S(m1)+S(z2))3 : 0~ C”($1)

(S($1)+S(12))28112 S(Ig)al,l S(I1)72(S(11)JrS(Ig))S(Q?g)axl S(Il)axz S(CEQ) 0
(S(z1)+5(22))*

(S(Il)JrS(CEQ))aIz 3(12)8111 S(m1)723(12)8l1 S(I1)8l2 S(Ig) 9

B (S(w1)+S(22))?

O S(22)00; S(z1
= (S(@1) = S(a)) Zarm S g

02 g mi(wr,x2) =

From now on, we fix xo and we study the properties of m1 (z1, 22), Oz, 71 (21, T2), 8§1ﬂ1 (z1,22) and 8§1x27r1 (x1,22)
as functions of z; only.

Firstly, we notice that é?glm (x1,22) < 0, 80 Oy, mi(x1,22) is strictly decreasing, which means that
m1 (21, x2) is strictly concave. Regarding the monotonicity of 71, since 9., m1 (21, 22) is strictly decreasing, we

can have that
1. Vay € [0,1)0,, 71 (21, 22) > 0, so 71 (21, x2) is strictly increasing

2. there exists xas € (0,1) such that Oy, mi(z1,22) > 0 for x1 € [0,za) and Oy, mi(z1,22) < O for

x1 € (xpr,1], so m (21, x2) is a unimodal and concave function and ), is the global maximum
3. Vay € (0,1)05,m1 (21, 22) <0, so mp (a1, x2) is strictly decreasing

In the first case we have that the best response to zs is indeed 1, while in the third case it is 0. In the
second case we have that 0 < xp; < 1 is the best response to xs.

Now we prove that if the best response becomes null for some opponent’s effort, it will be null for any
larger effort. If the best response is null for some Z5,we are in the third case. This implies that we also have

Oy, m1 (21, 2) < 0 for 9 > 5. In fact we have that

8zl7r1(0, 1'2) < 8xl7r1 (0,5’52) < 0, withxzo > 29
is equivalent to

S(x2)0z, S(0) S(#2)8x, S(0)
szt — ') < morsnz? — (@)
S(x2)0x,5(0) < S(22)92, S(0)

(1+S(22))? (1+5(@2))2

S(z2) < S(&2)
(1+S(22))? (1+5(72))2

which is true since /(1 + x)? is decreasing for & > 1. Since 8,,m1(0,22) < 0 and 92 1 (x1,x2) < 0 we can
conclude that 0,71 (z1,22) < 0 for x5 > & and hence the best response is null

Similarly, we have that if the best response becomes 1 for some opponent’s effort, it will be 1 for any
larger effort. The proof is similar to the previous case. If the best response is 1, then we are in the first case

and we can show that 0,, 71 (21,22) > 0 for xo > &2. In fact we have that

89,317'(1(1,1‘2) > 8zl7r1(1,922) >0, forxo > 9
is equivalent to

S(w2)0z, S(1) S(#2)05, S(1)
(S(1§+S($2))29 —C(x) > (S(1§+S(i-2 32 0 —C'(z1)
S(w2)02, S(1) S (#2)05, S(1)

(S +5(x2))2 > B)F5GE2))?

___S@2) > S(z2)

(S(D)+S(22))? (S(D)+5(22))2

which is true since 2/(B + x)? is an increasing function for x < B.
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The previous considerations show that if BR(0) = 0 (respectively BR(0) = 1), then BR = 0 (respectively
BR = 0), namely we have (IV) (respectively (V)).

Let us consider the remaining cases BR(0) # 0 and BR(0) # 1. Since we proved that if there exists
% € (0,1] such that BR(#) = 0 (resp. BR(%&) = 1), then BR(z) =0 (resp. BR(x) = 1) for = € [%,1], we can

have three possibilities
e BR(x3) € (0,1) for each z € T = [0,1] and BR(1) € (0,1), which gives the best response of (I)

e there exists a z, € (0, 1] for which BR(z2) € (0,1) for each x5 € I = [0,2z,) and BR(x,) = 0, which
gives the best response of (II)

e there exists a x, € (0,1] for which BR(x2) € (0,1) for each x5 € I = [0,2,) and BR(z,) = 1,which
gives the best response of (IIT)

We notice that the three situations are identified by the behavior of BR for x5 = 1.

Now we study the remaining properties of BR and the corresponding Nash equilibria in (I),(II) and (III).
In all cases, the best response to each xo € I is the (unique) f(z2) € (0,1) which solves 9., m1 (f(z2), z2) = 0.
This allows defining function f : I — (0, 1), which, recalling the regularity properties of S and C, thanks to
the implicit function theorem, satisfies f € C%(I) and

03,5, (f(22), w2)
0z, m1(f(x2), 2)

= —(S(f(x2)) — S(x2)) [

f(a2) =

Oy S(42)0a, S(f (22))
S(@2)(S(f(w2)) + S(22))02,S(f (w2)) — 28(22)(a, S(f (22)))?] 0 — C"(f (2))
(28)

Recalling that 0,,5(22)0,,5(f(22)) > 0 and 92 71 (f(x2), z2) < 0 and we have that f'(z2) > 0 if and only
it S(f(xz2)) — S(x2) > 0. Then f is increasing if and only if S(f(x2)) > S(z2), namely if f(x2) > x2 and is
decreasing if f(x2) < x2. Hence, if we are in case (III), we have that f is strictly increasing in I and indeed
(xNE 2NE) = (1,1).

In the remaining cases we have that that there exists a 2V¥ € (0,1) such that function BR is strictly
increasing (resp. decreasing) in [0, 2V F) (resp. (zV¥1]) and f/(zVF) = 0, which gives the unimodal property
of fin (I) and (IT). Moreover, we have that (zV¥ xNV¥) is a symmetric equilibrium for both (I) and (II). Such
equilibrium is also the only symmetric one, because from (28]) we have that in (internal) symmetric equilibria
we need [/ = 0. If more than a symmetric equilibrium existed, because of the regularity of involved functions,
we would have that between two symmetric equilibria there would exist another symmetric equilibrium with
BR’ # 0. Indeed, in (I) and (IT) we can not have boundary symmetric equilibria.

We only have to prove that we do not have asymmetric equilibria. This is indeed true in cases (III),(IV)
and (V). In the remaining cases, let us suppose that (zVf, 2z F)
VP = BR(2)YF) and 28F = BR(zVF) and with zVF # 25'F. Without loss of generality, let us consider

oVE > 2VE Then BR(xYF) = oVF > 2lVF which implies BR' (2 ) > 0 and hence zY¥ < 2VF. Since for
NE

is an asymmetric equilibria, namely we have

x < zVF we have that BR is an increasing function, we also have BR(z)F) < BR(zNF) = 2VE and hence
VP < 2NE. However, this implies that BR'(z'¥) < 0. But when BR'(zVF) < 0 we need 2)'Z > 2V¥ and

this is a contradiction.
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5.2 Proofs of Section

We start noticing that, from (§), we have

ﬂ (ﬂl'] + ].) (9 + (5331 +"}/£L'j) B 1) (ﬂl'] + 1) B
(Bui + Bz; +2)° P+ +2

2 (s, 3;) = 28 (Bx; 4 1) (26 — B0 + Box; — Bryz;)
x; P\ bes g (ﬁfﬂi+ﬂzj+2)3

aa:iﬂi(ziaxj) = )

(29)

As we shall see, all the following results can be represented, in addition to 3, through the two synthetic
parameters

A=pB0-25, A=n~—04.

In what follows, the results are presented in terms of A, A and [, but can be easily rephrased in terms of 6,
and -y, in order to obtain the formulations reported in Section
Moreover, we set
A(z;) = (Bz; + 1) (A + BAz;), (30)

and we introduce function x4 : D — R, defined on the set D = {z; € [0,1] : A(z;) > 0}, given by

A(z;)
24(x)) = —= — 19 + —.
’ B B
We remark that set D depends on the parameters’ configuration.

Lemma 5. For A # A function xy is strictly concave, while for A = A it becomes

ry(z) = —x; (1 - \/K> + \/Kﬂ_ 2. (32)

In the next Lemma, we compute the best response function.

Lemma 6. The best response function BR; : [0,1] — [0, 1] is given by

0 if A(x;) <0,
BRZ(IJ) = f ( ]) (33)
min{max{z(x;),0},1}  otherwise,
where function xy is defined by ([B1).

Proof. Noticing that A(z;) < 0 is equivalent to a; + asfz; < 0, we have from ([29) that payoff function
7 (x4, ;) is strictly convex with respect to x;, so its global maximum is attained at z; = 0 and/or x; = 1.

Through simple algebraic manipulations, we have that
7i(0,2;) —mi(1,2;) >0 & w= (1 - ag)x? +8d—as—a1+B)z; +4+28—a > 0.

Using —a; > Bazx;, we have
w > B2 + B4+ Bz + 4428 >0,

where the last inequality is indeed true. This means that BR;(z;) = 0.

If A(z;) =0, which means x; = —a1/Baz, we can write

a1 az — a1
T Ii7_ﬁT =9 Ba - Ty,
2 1

which is a decreasing function and again provides BR;(z;) = 0. Since when A(z;) = 0 we have z (z;) <0,

we can indeed write BR;(z;) = min{max{z (z;),0},1} = 0.
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Now we consider any x; € [0,1] for which A(z;) > 0. To find z; = argmax, (o 7 (2,7;), we start
noticing that, from (29), imposing 9,,m;(z;, z;) > 0 we obtain
— B2x? + =28 (Bxj + 2) wi + B0 — 26 — 4Bx; — Bx;?
+ 529xj — 525xj2 + ﬁ2fyscj2 —3B86x; + pyx; —4>0. (34)
Since A(x;) > 0, the previous inequality is solved by z_(z;) < x; < x4 (z;), where

ry(T;) = —% — Tyt v/ (Bea + 1)2‘11 +5a2%’),

which are both real and satisfy z_(x;) < —1/8 < x4 (z;). Proceeding as in the last part of the proof of
Lemma 2] we easily obtain BR;(z;) = min{max{z4(z;),0}, 1}.
If A(zj) > 0 for any x; € [0,1], then BR;(x;) is indeed continuous, as well as if A(z;) < 0 for any

xzj € [0,1]. Conversely, if z; = —a1/(Ba2) belongs to (0,1), we need to check the continuity of BR; at
xj = ;. If az > 0, we have that BR;(x;) = 0 for ; < Z; and since
I (2;) = (“1 2) <0
im zy(z;)=—=(—— ,
:CJ—>5,; A ﬂ a2
we have lim  _ _+ BR;(z;) = 0, so the best response function is continuous. Similarly, if as < 0, we have

lj—)iCj

that BR;(z;) = 0 for x; > Z; and since

1
lim zi(z;)=— (E 2) <0,

T;—T ﬂ a2
J J

we have lim_
Zj

. BR;(x;) =0, so the best response function is again continuous. il

Using the previous Lemma we can prove Proposition [3

Proof of Proposition[3 Lemma [0] guarantees that when BR;(x;) € (0,1), then BR;(x;) = z4(x;). From
Lemma [l function z., is strictly concave for a; # az, and then it is either strictly increasing, strictly
decreasing or unimodal in its domain D. If a1 = ag, from (B2]) we have that 2, can be either strictly increasing,
strictly decreasing or constant (identically equal to —1/8 if and only if a1 = ag = 1). The classification of
the possible behaviors of BR; then follows from Lemma[@, essentially depending, on the values of 2 and z/_
at the ending points of D N[0, 1]. Then BR; can be either strictly increasing, strictly decreasing or unimodal
in those intervals in which z (x;) € (0,1), constantly equal to 0 when either z, (z;) < 0 or A(z;) < 0 for
each x; € [0,1] and constantly equal to 1 when x4 (x;) > 1 for each z; € [0, 1]. The previous considerations

together with Figure [G which shows that each case is actually possible, allow concluding. R

In Section [B.2] we reported in Figure [l diagrams of the occurrence of each scenario of Proposition [B] for
some fixed values of 5 as 50 — 26 and v — § vary. In the following results we analytically specify each region
shown in Figure Most results are determined looking at the values of x4 (z;) and of its derivative at
xj = 0,1 (provided that x4 is defined for such values). In Lemmas we then study x4 (0), 24 (1), 24 (0)
and x4 (1)’ on varying A, A and . The proofs of Lemmas are straightforward and are omitted.

Lemma 7. We have

A<O = A(0) <0,
0<A<4 = 24(0) <0,
A=4 = z,(0)=0,
4<A<(B+2)? = z4(0)€(0,1),
A=(B+2? = o) =1,
A > (B+2)? = x4(0) > 1.

w
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Lemma 8. We have

A<-4 2 = A1) <0,

5 <A< - = (1) <0,

al L ey DT

R S A i
=53 = z4(1) =1,

A>HEE 4 = 2.(1)>1.

Lemma 9. Let A(0) = A > 0. Then we have

A<2VA-A = 2/(0)<0,
A=2/A-A = 2/, (0)=0,
A>2V/A-A = 2/.(0)>0.

I
o o o

Lemma 10. Let A(1) = A+ AB >0 and 8% +2AB3+ A > 0. Then we have

2_A_ 2
A < 284287 —A—2AB+2(B8+1)4/B2+2AB+A - :c’+(1) <0,

(28+1)2
2_ A 2
A — 2B8+28°—A 2A?2+B2J£l13;;1)\/5 +2A8+A - xﬁr(l) _ 07
284287 —A—2AB+2(8+1)y/B3+2AB+A
A> CTESIE = 2/, (1) >0.

IfA+AB >0 and B2 +2A8+ A < 0 then 2/, (1) > 0.

Proof. We have

a1 + az + 2a28 — 2\/(5 +1)(a1 + a2p)
2\/(B+ 1)(a1 + azf)

which, thanks to the assumptions, is well-defined. To have 2/, (1) > 0 we need

(1) =

)

ay + ag + 2a38 — 2¢/(B + 1) (a1 + azfB) > 0, (35)
which necessarily requires that a; + ag 4+ 2a2 > 0. If this is valid, then we can rewrite (35 as
(28 +1)%a3 +2(a1 (28 +1) — 2B(B + 1))ag + a} — 4a (B + 1) > 0. (36)

If 8% +2a13 + a1 > 0, inequality (B6) is solved by as < s_ V ag > s, where

L 284282 — a1 — 2018+ 2(B +1)\/B2 + 2413 + a1

(26 + 1)

Conversely, if % + 2a13 + a1 < 0, we have that (B8] is always fulfilled (notice that 5% + 2a13 + a; < 0 and
a1 + Pag imply a; + as + 2az8 > 0). This provides the last claim of the Lemma.

Conversely, if
8%+ 2018+ a1 >0, (37)

we have that as < s_ is not possible. In fact, if a; > 0, imposing both a1 + as + 2a8 > 0 and as < s_ we

ai 28+2B% — a1 —2a18 — 2(B+ 1)/ + 2018+ a1

EEES I (28 +1)2

BB+1)—(B+1)VB2+2a18+ar > 0. (38)

would need

which requires
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But (84+1)v/82 + 2a158 + a1 > B(B+1), so (B) is not possible. If a; < 0, from ([B7) we need (%JFTQBQ < ay+pBaq,

and imposing as < s_ we obtain

(B +2)? _a_, <25—1—252—a1—2a16—2(6+1)\/62+2a15+a1
BB+1) B 7 (28 +1)? ’

which requires

208 4+ 26% 4+ 3182 + 163> + 2B + 4 +2(8% + 482 + B)V/ B2 + 2418 + a1 — (26° +58% + 48 + 1)a; <0,
which is not possible since a; < 0. Conversely, it is easy to see that

W <25+252*al*2a15+2(5+1)\/52+2015+a1
28+1 (284 1)2 ’

which allows concluding the part related to 2/, (1) > 0. The proof of cases 2/, (1) = 0 and 27, (1) < 0 can be
similarly handled. i

Lemma 11. Let A < 4. Then we have that there exists xp € (0,1] such that x4 (xzpr) > 0 if and only if

A > 38°+843+4 A< 38°+83+4

(B+1)% > U (5+12)2 ’ (39)
_ — (B+2)° A
A>AN—-4+2V4—A, A>5(5+1) 5-
Proof. If a; < % and as > ([g;i)l) , from Lemma [ we have that x, (1) > 0, and then we can
choose zpy = 1. If a; > % and as > aq — 4 + 2y/4 — a1, we distinguish two cases. If as > gzgi)l) — %
(notice that gzgi)l) — “Bl >a; — 4+ 24— aq for a; > 36(6181[;;'4), we can again choose zj; = 1 thanks to
Lemma [ Conversely, if a1 — 4+ 24 — a1 < as < l(ilz;ri)l) — %1 we can choose
S —(a1 +a2)(1 —a2) + (a1 — az2)v/1 —aq
M — )
2@26(1 — ag)
which is well defined since for a; > % we have
2 2
B+2)° a
pB+1) B

2
Noticing that for a; > % we have as > a1, we obtain

. —(a1 — a2)(1 — ag) + (a1 — 3@2)\/1 — a9
I+($M) - 2a25\/1 — a9 '

A direct check shows that under the previous conditions we have x4 (zpr) > 0.

The converse can be proved by contradiction, considering each case obtained by negating (B89) and showing
that for each of them sup,¢ (o 1jn{z;:a(z;)>0y T+ < 0. It is a simple but very long check, so we do not provide
details. I

In each of the following proposition we provide sufficient conditions on the parameters for the occurrence
of each best response shape. We remark that since such scenarios are mutually exclusive by definition and
since the conditions used in Propositions [[0HI4] provide a partition of (A, A, ) space, such conditions are

actually necessary, too.
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I\LSO

Proposition 10. Best response functions of games I' € are strictly non-increasing if

4< A< (B+2)2 A > (B+2)2
A <2V — A, . A < HEEDA
which corresponds to the yellow regions in Figure [3.
Proof. Let us consider the former couple of inequalities. We have that
a) 4<a; < (B+2)?=2,.(0) € (0,1) (Lemma [);

b) as < 2y/a1 —a; = 2/, (0) < 0 (Lemma [& notice that, from a), we have a; > 4 > 0, and then this

condition is well-defined).

Then we have BR;(0) € (0,1) and BR}(0) < 0. This means that there exists b € (0, 1] such that
BR;(z;) = x4y (z;) for x; € [0,b] and BR;(z;) = 0 for z; € (b,1], where this latter interval may be empty.
Since x4 is strictly concave, 2/, (0) = BR;(0) < 0 means that 2/, (z;) = BRj(z;) < 0 for z; € [0,b). Moreover,
we indeed have BR](z;) = 0 for x; € (b, 1].

Now we consider the latter couple of inequalities. We have that
a) a; > (B+2)?= 2,(0) > 1 (Lemma/[T);

4(B+1)—a1 .
b) az < ==5—* = either (1) <1 or A(1) <0 (Lemmalg).

Then we have BR;(0) = 1 and BR;(1) € [0,1). This means that exist 0 < b < ¢ < 1 such that
BR;(xz;) = 1 for z; € [0,b], BR;(x;) = x4 (x;) for z; € (b,¢] and BR;(z;) = 0 for z; € (c,1]. Notice that
this latter interval is empty if BR;(1) > 0. Moreover, we must have BRj(x;)=2', (z;) < 0 for z; € (b,¢c),
BR}(z;) =0 for z; € [0,b) U (¢, 1].

I\LSO

Proposition 11. Best response functions of games I' € are constantly equal to 1 if

A > (B+2)%
A > 4(ﬂ+61)_1\

which defines the cyan region of Figure[3
Proof. We have that
a) a; > (B+2)?= 2,(0) > 1 (Lemma/[T);

b) a9

Y

4<ﬂ+7[13>—al = z,(1) > 1 (Lemma ).

Then we have BR;(0) = BR;(1) = 1. Since BR; is strictly concave, we can not have BR;(z;) < 1 for
any z; € (0,1). Then BR; = 1, which allows concluding.

FLSO

Proposition 12. Best response functions of games I' € are strictly non-decreasing if

4< A< (B+2)
A > min { 264267~ A=2A6+2(8+1)/Fr2AB+A 4(B+1)A} ,

(2B+1)2 B
or
38%4+88+4
A> 284287 —A—2AB+2(8+1)y/B2+2AB+A

(2B+1)? ’
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or
382+88+4
A<Tgnes
(B+2)?2 _ A
A> 3D~ B

which define the green region of Figure [3.

Proof. Let us consider the first couple of inequalities and suppose that

284282 —a; —2a18+2(B + 1)\/B2 + 2418 + a; - 4(B+1) —ay
(28 +1)? - 8 '

We have that

a) 4<a; < (B+2)? = 24(0) €[0,1) (Lemma [T);

2_ /32
b) agy > 26428 —o 2a1[(3222£[13;1) Fri2aftar 2/ (1) > 0 (Lemma [I%} notice that, from a), we have that

ﬂ2 —+ 2(115 +a; > 0)

Then we have BR;(0) € [0,1) and BR;(1) > 0. If BR;(0) € (0,1) and BR}(1) > 0, we have that = is
well-defined for each x; € [0, 1] and, by concavity, that 2/ (x;) > 0 for any x; € (0,1). Then, there exists
0 < b <1 such that BR;(z;) = x4 (x;) for ; € [0,b] and BR;(z;) = 1 for z; € (b, 1]. Notice that (b, 1] may
be empty. This means that we have BR;(x;) = 2/, (z;) > 0 for ; € [0,b) and indeed we have BR}(z;) =0
for z; € (b,1].

Notice that for a; = 4 (for which BR;(0) = 24 (0) = 0) inequality ([@0) becomes

(28 +2)\/B2+83+4+2p%—63—4 _y
(28+1)? ’

which is true since a simple computation allows showing that its 1.h.s. belongs to (0,1) for 5 > 0.

Since 24 (0) = az/4 = BR/(0), this guarantees that we are not in the case of constantly null best response
function. Recalling BR;(1) > 0, this allows concluding.

Conversely, if (@) is false, we have that

a) 4<a; < (B+2)?=2,(0)€0,1) (Lemma[);

b) as > 4(’6"'7;)_(“ = 24(1) > 1 (Lemma ).

This means that x is well-defined for each [0, 1] and, thanks to the concavity of x4, that there exists
0 < b < 1 such that BR;(z;) = x4 (z;) for z; € [0,b] and BR;(z;) =1 for x; € (b, 1]. By concavity, we must
also have BR;(x;) = 2/, (x;) > 0 for 2; € [0,b), and we indeed have BR;(x;) = 0 for z; € (b, 1].

Let us consider the second couple of inequalities. We have that
a) a1 < 4= either x4(0) <0 or A(0) < 0 (Lemma [7);

2_ —
b) ay > 2420~ 2a152;%£f;1)” Brr2afrar 2/, (1) > 0 (Lemma [0 notice that, from (38? + 86 +
4)/(B+1)? < a1, we have that 3% + 2a18 + a1 > 0.).

222
Moreover, a simple check shows that if % < a; we have

BB+1) B (26 +1)2

and so, from Lemma [§ we also have that =4 (1) > 0.

(B+2)? a _ 28+ 26% — a1 — 2018+ 2(6 +1)\/B* + 2018 + ax
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We then have BR;(0) = 0 and BR;(1) > 0. Moreover, by the concavity of z, from 2/ (1) > 0 we
have BR;(z;) > 0. This means that there exist 0 < b < ¢ < 1 such that BR;(z;) = 0 for z; € [0,b) and
BR;(x;) = x4 (xj) for z; € (b, c] and BR;(x;) =1 for z; € (¢, 1]. Notice that (¢, 1] can be empty. Then we
have that BRj(z;) = 0 for z; € [0,b) U (¢, 1] and BR}(z;) = 2/, (x;) > 0 for z; € (b, ¢c).

Let us consider the last couple of inequalities. We have that

a) a; < % < 4 = either x4(0) <0 or A(0) < 0 (Lemmal[T);

2
b) as > /(f?;i)n -4 = 24(1) > 0 (Lemmag).

A simple check shows that if ag > éﬁ(;i)f) - % then a; + asB > 0. If which, Lemma [I0, guarantees that

2/ (1) > 0. If B2 +2a18+a; <0, then, from Lemma[I0, we have 2/, (1) > 0. Conversely, if 5%+ 2a18+a; > 0,

2
% > a1 we have

since fro

BB+1) B (26 +1)2

from Lemma [0 we have 2/, (1) > 0. Proceeding as for the second couple of inequalities we can conclude. i

(B+2)? a - 28+2p8% —a1 — 218+ 2(8+1)/B% + 2018+ a

I\LSO

Proposition 13. Best response functions of games I' € are hump-shaped if

4< A< (B+2)?
oA A <A < min{25+252A2A5+2(6+1)\/62+2A6+A 4(5+1)A}

(2B+1)2 B
or
38°+8p3+4
GCEEE <A< 4,
2
A*4+2\/H <A< 2B+2B8" = A=2AB+2(B+1)/B2+2AB+A

(28+1)2 ’
which define the white region of Figure [3

Proof. Let us consider the former couple of inequalities. We have that
a) 4<a; < (B+2)? = 2.(0) €[0,1) (Lemma [T);

b) 2\/a; —a; < ag = 2/, (0) > 0 (Lemma [& notice that, from a), we have a; >4 > 0);

. N B 2 (1) <0
C) ay < min { 28426 —ay 2a1,((32-1;32-£§3)-21) B2+2a1ﬂ+01’ 4(54’[? ay } = +E1§ , (Lemmaandm notice
Ty <

that, from a), we have 5% + 2a;8 + a; > 0).

We have BR;(0) € [0,1), BR,(0) > 0 and BR}(1) <0.If BR(1) < 0 we indeed have a hump-shaped best
response function, since we have at least a point (z; = 0) at which BR; is strictly increasing and at least a
point (z; = 1) at which BR; is strictly decreasing. Conversely, if BR;(1) = 0, thanks to the continuity of
BR; and the regularity of z, we must have that BR(z;) < 0 for some z;.

Let us consider the latter couple of inequalities. We have that
a) a1 <4 = either A <0 or z4(0) <0 (Lemma/[7)

a1 — 4+ 24 —a1 < as

= x4 (z;) > 0 for some z; (Lemma [IT))
a; >0
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2_ g, — /32
¢) ay < 22w QGIELﬁf;l) PPizafiar 2/ (1) < 0 (Lemma [I} notice that a; > 0 guarantees that

B% +2a18 + ar > 0).

Notice that b) and c) are simultaneously possible only if
382 +8B+4
(B+1)
We have that there exist 0 < b < ¢ < 1 such that BR;(z;) = 0 for z; € [0,0), BR;(z;) = 4 (z;) € (0,1) for
xj € (b,c) and BR;(x;) = 0 for z; € (¢, 1]. Thanks to the continuity of BR;, it must be unimodal in (b, ¢). il

aq.

L0 gre constantly equal to 0 if

Proposition 14. Best response functions of games I' €
38°+88+4
“Erp sAsd

A<A—4+2/T—A,

or
3B8°+8B-+4

A< =mae

(B+2)?

A< 3D

_A
3
which define the blue region of Figure[d.

Proof. From Lemma [[I] in both cases, x4 can not assume strictly positive values for z; € (0,1] N {z; :
A(z;) > 0}. This concludes the proof. I

To prove Proposition @l Corollary [3] and to provide analytical justification of Figure @, we need several
preliminary results. In what follows we introduce the set NE of the possible Nash equilibria, which, as the
best response function, depends on A, A, 8. To avoid burdening the notation, we do not explicitly write such
dependence.

Firstly we study the possible internal (i.e. belonging to (0,1)?) equilibria of games I' € 99 We omit
the proof of the next Lemma, which can be obtained (after some long but simple computations) by solving
the system of z; = x4 (x;) and z; = x4 (x;).

Lemma 12. Let A # 4 and A # 4. The only possible intersections between x; = x4 (x;) and x; = x4 (x;),
belonging to (0,1) are (x;,z;) € {(xﬁVSE,:E%E), (xf{fs,xé\{fs), (:EQ{ES,:E{\{ES)}, where :E%E,x{\{fs and xé\{fs

are defined in () and (III).

As a consequence of the previous Lemma, we have that the only possible elements of set NE can be

. PRI NE , NE NE ,.NE NE _.NE \.
o the internal equilibria (z7¢", 27g”), (:L'LAS, :L'Q,AS), (xlAS,xLAS),

e the corner equilibria (0,0), (1,1), (0,1),(1,0);
e the boundary equilibria (z,0), (0,z), (z,1), (1,z) with z € (0, 1).

In what follows, when we speak of z%E ,:c{\{ Es and :cév ES, we mean that they are really internal. In-
deed, expressions provided by () and ([II) can assume also values not belonging to (0,1), but in this case
(20, 2} ), (2 Bg, 2 ), (2] B g, 2 ) “become” boundary or corner equilibria. Moreover, when we speak
of x{\ffs and xé\ffs we mean that they are really asymmetric, i.e. that x{\ffs # zé\{fs. We notice that a sim-
ple computation shows that if 2 ¥g = 3'F, then (21Xq, 23 Fg) and (23 Kg, 2] §g) both coincide with the
symmetric equilibrium (23, 2VF).

Propositiond and consequently Corollary[3] follows from the previous Propositions and Lemma by simple
geometrical considerations.

In the next Lemma we provide conditions under which each of the previous equilibria actually occurs.
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Lemma 13. We have that

a) BR;(0) =0 if and only if A < 4;
b) BR;(1) =1 if and only if A > 5;1) %;
¢) z1s € (0,1) if and only if

A < 4,

g A >4,
4(B+1) A 4B+1) A
A > 3 3 A< 3 3
w1 4s € (0,1),
d) gggfs € (0,1), if and only if
xffffs # ngsa
/A+4+1 14+28— /AF¥A
A T+4<A< Ail T
A< —4,
BR;(0) € (0,1),
e) 0)e©.1 if and only if
BR;(BR;(0)) =0,
1+VA
A< -ALE
4< A< (B+2)?
Ri(0)=1, .
1) if and only if
Ry(1) =0,
(B+2)°> A
A< 56D B
A= (B+2)
BR;(1) € (0,1
g) (e if and only if
BR;(BR;(1)) = 1,
26—/ T3 4<6+1> _A (8+2)°
—A 11\/5H2 <A< R U m——<A<
—([2121)2 <A< —4, A< —(%Jfl) .
Proof. a,b) The proof is straightforward.
¢) It is sufficient to solve 0 < 275 < 1. From
0<%
B(4 — az)
we have
—4 <0, a; —4 >0,
4—ay <0, U 4—ag >0,
as > 4([364-1) o %7 ay < 4([3;-1) o aBl.

45



Noticing that in each system the first and the last conditions imply the second ones allows concluding.

d) To have 27451 € (0,1) and 27452 € (0,1) we must solve

ai+az+(az—ai) aﬁ—:“

— DTG > 0,
ait+az—(az—ai) ”(21—2“

— 03B > 0,
ai+az+(az—a1) a:4

— DTG <1,
ait+az—(az—ai) ”(21—2“

— %asp <1,

in which we must require that either as < —4 or as > 0, to guarantee the positivity of (a2 + 4)/a2. However,

we must exclude ag > 0. If in fact we assume ay > 0, adding the first two inequalities we find

ar t+a
! 2 0,
azf3
and then a; + as < 0, which, since we assumed as > 0, necessarily requires a; < 0. Since afl—;r‘l > 1, we
have
as + 4
7(&14‘&2)7(&27&1) u <f(a1+a2)f(a27a1):—2a2 <0,
2
and then the second inequality is always false for as > 0. Similarly, we must also exclude as = —4, as in this

case we have 7451 = Tras2 = 271s.

We then suppose ay < —4. The previous system can be rewritten as

a1 + as + (a2 —al)\/m >0,
ar +az — (az — al)\/m>0,
a1+ az + (a2 — a1)\/m < —2azf3,
a1+ az — (az — al)\/m < —2a9p.

Adding the first two inequalities we find a1 +as > 0, which requires a; > 4. After noticing that the second and
the third inequalities are less restrictive than, respectively, the first and the fourth ones and that “Z—Jf <1
for as < —4, we can easily conclude by solving the first and the fourth inequalities with respect to a;.

e) We have that BR;(0) € (0,1) if and only if 2, (0) € (0, 1), which immediately provides 4 < a; < (3+2)2.
We have that BR;(BR;(0)) = 0 if and only if A(BR;(0)) = (y/ar — 1) (a1 + az(y/ar —2)) <0 or

Y- (o +ee (Vi -2)) - var

4 (24(0)) =
+(24.(0)) 5
Condition A(BR-( )) < 0 is fulfilled for as < —a1/(\/a1 —2) while x4 (z4(0)) < 0 leads to —a1/(\/ar —2) <
< —a1/(\/a1 — 1). Noticing that this last inequality is always satisfied by some a2, we can conclude that

we need as < —al/(\/_l— 1)=—a (\/_1—1— 1) /(a1 —1).
f) BR;(0) = 1 is equivalent to 4 (1) > 0, i.e. a1 > (8+2)% BR;(1) = 0 is equivalent to either A(1) <0
(i.e. a1 + faz < 0) or

a1 + Bas >0 2)?
z+(1) <0< 1+ fay at>0§a1+ﬂaggM

B —B—=2++/(B+1)(a1 + Baz) <0 B+17

which allows concluding.
g) To have BR;(1) € (0,1) we need (1) € (0,1). A direct computation shows that this is equivalent to

(B +2)?

(ﬁ—f—l) —ﬂa2<a1<4(ﬁ+1)fﬁa2. (41)
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Notice that if a; < 4, from point a), we would have that BR;(0) = 0. To have BR;(BR;(1)) = 1 we would
need that x; = BR;(x;) has two solutions z; € (0, 1), which is not possible. Then we must have a; > 4.
Condition BR;(BR;(1)) > 1 is equivalent to z (x4 (1)) > 1, i.e.

¢@1cu@¢w+nmuamwzn(¢w+Mm+@mﬁQ¢w+nw+@mzo
a1+ asf > 0.

Notice that the argument under the square root in the first inequality is positive if the inequality is satisfied,
so we do not need to add further conditions on it.
Let us rewrite introducing the linear transformation x = a; + Bas. Elevating each member of the first

inequality to the second and rearranging terms we arrive to kiay + ko > 0, where

= (VaB+1-8-1) (26+2-va(B+1)),
kazx(a+ﬁﬂx+2y—@+2m xw+10.

Notice that both k; and k5 are strictly positive for z € ((ﬂ+2) 48+ 1)) Then we have

(B+1) °
" >_@:$Jc—6+ﬁx—1+6\/x(ﬁ+l)
=Tk B+1)(z—p—1) '

The last inequality can be rewritten as

ay + Paz — B+ B(ar + Pag) — 1+ 6\/(a1 + Baz)(B+1)

a2 (o1 + faz) (B+ Dlar + Baz — - 1) |

from which we have

—B|(B+1)(a1 — az + aras + a3B) + (a1 + a2B)\/(B + 1) (a1 + a2B) §
G+ (@ —F+aab—1) =0

and then we need

(B+1)(ar — a2 + araz + a38) + (a1 + a28)v/ (B + 1) (a1 + a28) < 0

Recalling (A1), we must have

(a1 — a2 +araz +a3B) <0

(B+2)?
ap > (Br1) — Pag, (42)

a; < 4(6 + 1) - BG/Q)
(a1 +azB)® — (B+1)(a1 — ag + araz + a3p)?

The first inequality can be rewritten as aq(1 + a2) < az(1 — a28). If ay > —1, then we would need a; <
az(1 — a2B)/(1 + az), which however is not possible, since az(1 — azf)/(1 + a2) < 1 and aq, as previously
noticed, must be larger then 4.

The last inequality can be rewritten as (a1 — B+ a2 — )(a% ara3B—aia3 —2a1as—a3p? —a3pf+ad) <0.
Using the second inequality, we have a; — B+ a8 —1 > (B+2)” —8—-1=(2684+3)/(B+1) >0, and hence we

(B+1)
need a3 — a1 (a3f — a3 — 2az2) — a3(az8? — azB + 1) < 0. If its discriminant is negative, then the inequality is

never fulfilled, so we need as(ag +4) > 0. Since we can not have ag > —1, this reduces to az < —4. We have
af — a1(a3p — a3 — 2a2) — a3(azB” — azf + 1) = (a1 — r1)(a1 — r2),
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where
ay(B+1)4/az(az2+4) a3p a2
-3z t5 t%

T =az+ 3
vy = ay — 2BHVule T | ois ol

When as < —4, we have ry > 4(f + 1) — Bas. In fact, such inequality can be equivalently rewritten as

200 — aQ\/ag(ag + 4) + a% > 8,

which is true since the second term is positive and as(2 4 az) > 8 for az < —4. System ([@2)) can then be

rewritten as

(1—-a2p)
1+as 7

2
ay > ((%121)) — Bas,

ay < 4(ﬂ + 1) - ﬂa27
PR GARDAVALICER S L

a1 < as

ai

ay < —4,

a1 > 4.

A direct check shows that for as < —4 the first condition is less restrictive that the second and so it can
be neglected. Finally, it is easy to see that for ay € (—(8 + 2)?/(8 + 1), —4) the fourth condition is more
restrictive then the second one, while for as < —(8 + 2)?/(3 + 1) the second condition is more restrictive

then the fourth one. Noticing that
as+4

1 4 2 2 1+2ﬂ7
a2+a2(ﬂ+ )V az(az +4) % %:—az—a2

2 2 2 [as+4
az2 71

allows concluding. i

In the next Proposition, which can be proved simply by suitably matching cases of the previous Lemma,

we actually provide the analytical description of Figure

Proposition 15. We have that

e NE ={(0,0),(1,1), (x}VSE,xﬁvSE)} if and only if

A <4,
4(B+1) A
A>T 5
which defines the yellow region of Figure [J;
o NE ={(1,1)} if and only if
A >4,
4B+ _ A
A 2 B B?
which defines the blue region of Figure[J;
e NE ={(0,0),(1,1)} if and only if
A <4, A =4,
_ 4B+ _ A 4B+1) A
A="%"—% A>=F— 5

which defines the orange boundary of Figure[d;
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o NE ={(0,0)} if and only if

A <4,
A<tz g
which defines the cyan region of Figure[d;
o NE = {(2MF 2NE)} if and only if
4 < A<85+4,
—4< A<D 4

which defines the green region of Figure[3;
e NE = {(xéstanfVSE) (x{VEvaévAs) (xévfs@f{fs} if and only if

At4a A+4
Vi ! 1425
AL — \/m <A< —A—FF"2 A+4+1 ,
A< —4,

A >4,
which defines the gray region of Figure[9;

o NE = {(xﬁVSE,:E%E), (2,0),(0,2)} if and only if

A< —ALEYA
4< A< (B+2)

which defines the dark blue region of Figure [d;

o NE = {(xﬁVSE,:E%E), (0,1),(1,0)} if and only if

(B+2)° A
A< 3 B

A > (B+2)2,

which defines the yellow region of Figure [J;

o NE = {(xﬁVSE,:E%E) (2,1),(1,2)} if and only if

1+26—+/ 242 4(5+1) A (6+2)? 4(B+1) A
—AT e SA< AN 5(6+1)__<A< BB
9 _(B+2)?
BT A<, A< =5

which defines the orange region of Figure[d.

Proof of Corollary[jl The existence of multiple symmetric equilibria is obtained combining cases a),b) and

¢) of Lemma[[3] From the remaining cases we obtain the occurrence of asymmetric equilibria. I

Proof of Corollary[d Firstly we notice that if :Eﬁv is actually an internal equilibrium, then, from g NE >0,

we necessarily must have either vy —§ > 4 and 0 —25 —4 < 0 or v — 9 < 4 and 50 — 4 > 0. This means that

v —0—4 >0 (respectively v — § — 4 < 0) is equivalent to 86 — 2§ — 4 < 0 (respectively to 0 — 20 —4 > 0)
We have

oxdF  —2(0+2) 0xpF 20+ B0—4  O20F 1 8x§VSE77ﬂ9—2fy+4
0B B(y—-6-4) oy Bly—0d—4)% a0 y—0—4’ a5 B —y+4)2
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so we can immediately conclude that dzNF /98 > 0 and 92MF /06 > 0 if and only if v —§ —4 < 0 (or
equivalently 30 — 26 — 4 > 0). Similarly, we have 9z /0y > 0 if and only if 80 — 25 —4 > 0 (or
equivalentlyy — 6 — 4 < 0). Noticing that

—B0+2y—4=(—00+20+4)+2(y—06—4),

where the last two addends have the same sign, we can conclude that 2N /9§ > 0 if and only if y—§—4 > 0
(or equivalently 56 — 20 — 4 < 0). 1

Proof of Corollary [l Firstly we study the derivatives of x{v B

We start noticing that, since v — § < —4, we have

—d+4
,/%<1, (43)

DxNE, =36+ (5+7)/ 52 .
As _ 0,
op 2B%(v = 9)

since the denominator is negative and

SO

vy—90+4

vY—30+(0+7) 5

<y=30+(0+7y)=2y-25<0.

We have
Dul'Eg 108+ 2y — 680 + (26% — 207 — o0 + 56) (/525 — 1)

0y 2B(y — 0)3, | 52

where (v — 6)% < 0. Setting as = v — § and a; = 30 — 26, its numerator can be rephrased into

4
f(al,ag) = 2a9 — 6a; — ajas + ajas a——l—l.
2

A simple function study of f(a1,a2) on A = {(a1,a2) : a1 > 4 and ay < —4} proves that f(aj,az2) < 0,50

Oy K /0y > 0.
We have that
ouBy /55 1
90~ 2(v—90)

is positive recalling (@3] and since v — § < 0.

Finally, we have
0aYE. 204107—680+(—29°+25y—B60+80) (/2 1)
2 2B(6-7)3 /1525
6a1—10a2+a2(2a2—a1)(,/ai—;ﬂl—l)

= QGQB\/G2+4

a2

The denominator is negative and

6a1 — 10az + az(2a2 — a1) (\/@ - 1) = a1+ 5a1 — 10az + az(2a2 — a1) (\/?7 1)
= a1 —5(2a2 — a1) + az(2a2 — ay) (\/? - 1)
= a1+ (2a2 —a1) [@(@—1)*5
> (2a2 — aq) [ag (\/? - 1) - 5} >0,

50




since 2as —a; < 0 and a simple study of function shows that, for as < —4, we have as (, / af}—*f — 1) —5 <0,

too. This allows concluding that 9z % " 45/00 < 0.

Now we focus on the derivatives of z0'%5. We have

gaYBg 730~ (5+7)\/”6+4>0

B 26%(y = 9)
since v — 6 < 0 and
N 36— (5+7) 77—75;4<7—35:7—5—25<0.
Similarly we have
afEQAS __\/WJrl >0
00 2(y—9) '

We can rewrite

pulEy 108+ 2y — 650+ (207 — 267 + 550 — 0) (/2 + 1)

v 2B(6 — )/

as+4
8% B 6ay — 2a2 + araz + arazy/ ==

as

oy 2a35 az+4

We recall z)f¢ € (0,1) provided that

ag+4 1428— an 4
—ag a2a2+4 <ap < —az d2+i2
A 1—,/22d 14,/ 227
as < —4
ap >4
We have that
oNE
1 2,AS _
az——4- Oy
since
. as +4 _
lim 2a33 =07,
as——4— as
and
a

4
lim 6ay — 2as + aras + ajas =2a1 +8 >0,

as——4— as

which means that there always exists a neighborhood of (a1, —4), included in A in which 8:E1 Ae/O0y < 0.

8£CNE
Moreover, —22% vanishes only if
» Ty

20,2

a1 = z(ag) = — .
az + a2 2—24“6

If z(az2) does not intersect A, thanks to the continuity of 2 =3, AS, we have that 2 2 s
computation shows that z(—4) = —4 lies below the lower boundary of A and
atd 4]
az
z(ag) = —as

1— /2244
az
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has the unique (simple) solution ay = —2 (\/5 + 1) . Since (a1,a2) € A only if

+4 4
% +1 1428 — %
—a27+4 < —a2—+4,
a a
- /%= 144/
which is equivalent to
+2)?
4> B2
B+1
NE
we need —2 (\/_ + 1) (55121)2 ,or equivalently 8 > v/2. In this case, by continuity, we have that 815 A5 < ()

2AS

for a; > z(ag) and 2 > 0 for a1 < z(az).

Finally we have
8$2 AS 6a1 — 10ag — 2a3 + araz + (a1a2 — 2a§)\/§

65 20,25 ag +4

We proceed as in the previous case. We have that

5552,45
li =
o Ty T
since
4
lim 2438,/ 22 — o)
as——4~ as
and

4
lim — (6a1 — 10as — 2a§ + ajas + (aras — 2a§) az + ) = —2a; —8 <0,
as——4- a9

which means that there always exists a neighborhood of (a;, —4), included in A in which dzlV¥ ' 45/06 > 0.

oz E . .
Moreover, —35*% vanishes only if

= 10ag + 203/ %2t + 243

ay = z(as —
az + a2 2a—2+6

NE NE
If z(a2) does not intersect A, thanks to the continuity of x;g‘s we have that %JAS > 0 on A. A simple
computation shows that z(—4) = —4 lies below the lower boundary of A and
+4
Y Tl

z(ag) = —ag————=

(a2) 21 B \/m
az

has the unique (simple) solution ay = —4v/3 — 2. Since (a;,az) € A only if

(B +2)?

as > — ,
E B+1

we need —4v/3 -2 > — (BB+1) ,or equivalently 5 > v/3 — 1. In this case, by continuity, we have that 2 2 AS >0

N
for a1 > z(az) and 2 2 2 <0 for a; < z(az). 11

Proof of Corollary[7 Concerning :c(])v E from

vg  VBI—35 -2
Top = 5
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we immediately have dz{'f /00 > 0 and 9xz{F /06 < 0
Oy 46 — B0 +4y/BO — 28
B 232\/BO — 26
since for 80 — 26 > 4 we indeed have 4/50 — 26 > 50 — 2§.

With respect to ac{v E from

>0,

B—/—(B+1)(26 + 36 — By — pO) + 2

:Cf,”g = — ﬁ )
we have
0x{'f Ol p+1
B _ B _ >0
o0 Oy 2y/=(B+1)(26 + B3 — By — fBO)
and NE
0
W (B+1)(B+2) <.

05 28\/—(B+1)(20 + Bd — By — B0)

Moreover, we have

0xY'E 40+ 385 — By — B0+ 4y/By — 330 — 26 + B0 — 323 + %y + %0
B 282\/By — 385 — 20 + B0 — B%6 + B2 + B0 '

Since to have :c{vg € (0,1) we necessarily need y—¢ < —4 which requires 6 > 4 and 80 < 26— (y—0)+4(8+1),

we can write
46+ 300 — By —pO > 46+3B6— Py —20+B(y—0)—4(6+1)
= 20+2B86—45—4
= 20—4+26(5-2)>0,

since v — 6 < —4 guarantees § > 4. This concludes the proof. |

6 Proofs of Section

We start noticing that, from (IG), we have

faﬂ:c? + px; +1
(Br; + Bxj — 2afzxj + 2)295 -1
282020 — 1)(—afz? + fa; + 1)
(Bz; + Bzj — 2afzzj +2)3
B*0(4a + B)(x; — x;)
(Bz; + Bz — 2aBziz; + 2)3

Op,mi(xi, ) =

aim(:ci, Zj) =

0 4, milwi, 1) =

As for the proof of the previous sections, we introduce a suitable function z : [0,1/2«) — R defined by

) - \/ﬂﬂ(faﬂxf + Ba; +1)

v(wy) = B — 2ax;) (11— 2ax;) + B(1 —2ax;) ’ (46)

which will be used in the definition of the best response. Function z is investigated in the following Lemma.
Notice that for 2; € [0,1/2a) we have —afz? + Bax; + 1> 0, so () is well-defined.

Lemma 14. We have that

a) xq(x;) <0 for any z; € [0,1/2a) if and only if 56 < 4.
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b) If
B

4<pO <4+ —,
«

then x4 is unimodal and concave in [0,1/2a), and attains its maximum for

8- /BlaTp—af)
" 208

at which x4 (zm) = zm. Moreover
lim zy(z;) = —oc.

;cj—>(ﬁf

c) If
B

B0 >4+ (49)

then x is strictly increasing in [0,1/2a). Moreover

lim @y (z;) = i if =4+ F/a
(k) +oo  if B0 >4+ Ba.

Proof. a) From

z4(0) = 7\/6_%_ 27

we have that x4 (0) < 0 if and only if 80 < 4. Moreover, for 80 < 4 we have

4o+ p)
28(20m; — 1)2\/69(—a6x§ + Ba; + 1)

(59 . 2\/59(—aﬁx§ + B + 1)) <. (50)

o (w) =

In fact, the first factor is positive, while the second one is negative since, noticing that —aﬁm? + Bz; <0 for

xj < 1/2a, we have

560 — 2\/59(—a5x§ +Bxj + 1) < 80— 21/B6,

and the last term is non positive for 6 < 4.
b) We have

(4a + B)VO (1604(—0453@? + Bx; + 1)\/6(—04630? + Bx; + 1) +V0(8% — 8af + 12023%2% — 12a62$j))

4B(2az; — 1)*(—afa? + fr; + 1)\/69(—aﬁx§ + Ba; +1)

Tt

We notice that the denominator is negative. If (2 — 8af3 + 120426230? — 12a%z;) > 0, then 2’/ (z;) < 0,
conversely, if (8% — 8af + 1202 2z7 — 12a8%x;) < 0, we have that the numerator is positive provided that

2560(%—0(630? + Bzj+1)3

0 < B(—=12Ba%a3 + 12fax; + 8a — ()2 (51)
From (1), we have 6 < (4a + 5)/af. Moreover,
da+ B 2560 (—afxs + fr; +1)°
af B(—12Ba%x3 + 12Bax; + 8a — f3)?
can be equivalently rewritten as
B(2ax; — 1)4(16504230? —16fax; — 12a+ B) <0, (52)

a(—12a%z3 + 12Baz; + 8a — f)?
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and since 1660(230? —16Bax; —12a+ 6 < f—8a+ 120(2630? —12a8z; is equivalent to 40((60@? —pfr;—1)<0
which is true for z; € [0,1/2a), we have that (52)) is fulfilled, and then (GI)) is satisfied. This proves that =
is unimodal and concave.

Imposing =4 (x;) = x;, after some computations we obtain
402 B%x] — 8afPa? + B(48 — 8a+ BaB)x? + B(8 — 6B)x; + 4 — B0 =0,
which can be rewritten as

1 1 1 1 0
202 2 2
da” (xj——xj——a,) (xj——xj——3+4—)—0,

whose solutions are

1 VBUa+B) B-y/Bla+B) 1 BlAa+B—aBs) 1 /Bla+B—aBl)

2a 2a03 2a3 20 2a3 " 2a 2a3

Notice that, thanks to the assumption (4da+ 5 — «B0) > 0, they are all real. However, the first and the third
solution are larger than 1/2« and the second one is negative. Conversely, the last one is indeed smaller than
1/2a and, since we assumed (60 > 4, it is also non negative.

Finally, recalling (@), a simple computation of lim (&) x4 (z;) allows concluding.

i
c) Using the expression of z/, computed in (B0), it is easy to see that 2/, (x;) > 0 can be equivalently
rewritten as

dofa — 4Bx; + B — 4> 0. (53)
Noticing that the left hand side of the previous inequality is strictly decreasing for z; € [0,1/2a) and that
its limit for  — (1/2«)~ is 0 — g —4 >0 (thanks to [@3J)), we have that 2/, (x;) > 0. Finally, recalling [{@3)

a simple computation of limxjﬁ () x4 (x;) allows concluding.

As we shall see, for games I" € I'25F the best response relation is not always a function. To suitably study
it, we divide the investigation of BR; into two parts. In the next Lemma we consider o > 1/2; for which
BR; is a function for any z; € [0,1], and o < 1/2, for which BR;(z;) is a function only for x; € [0,1/2a).

Lemma 15. Let either o« > 1/2 and z; € [0,1] or o < 1/2 and z; € [0,1/2). Then we have BR;(x;) =
max{min{z (x;),1},0}.

Proof. If @ > 1/2 and z; € [0,1] or a < 1/2 and z; € [0,1/2a), from H5 we have 92 m;(x;, ;) < 0 since
2az; — 1 <0, fozﬁzc? + fz; +1 <0 and Bx; + B — 20fx;x; + 2 > 0, which means that 7; is concave with

respect to z; € [0,1]. The only possible solutions of 0y, m;(z;, ;) = 0 are

—2— Bz, + \/59(—aﬁx§ + B, +1)

B(1 —2ax;) ’
where z_ is strictly negative. Proceeding as for the proofs of Lemmas [ and [ we can conclude that
BR;(z;) = max{min{xy(z;),1},0}.

ri(z)) =

In the next Lemma we study BR; for o > 1/2 and x; € [1/2a, 1] (notice that for a = 1/2 such interval
reduces to {1}).

Lemma 16. Let o > 1/2 and z; € [1/2«,1]. We have that

a) if B8 <4+ B/a, then BR;(x;) =0
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b) if B0 =4+ /o then BR;(z;) =
0 i<l‘j:1

1 . -
%SIJ <$j

1
c) if 4+ B/a < B0 <2B+4 then BR;(x;) = € {0,1} x; =i
0 Li’j < T <1
d) if 0 > 25 + 4 then BR;(z;) =1
Proof. We divide the proof into two cases.
Firstly, we study x; = 1/2«. In this case, we can take o > 1/2 and we have
1 —z;(da+ B — af) — 2a6 — 5O
N — ) = ) 54
i <$1’2a> 4o+ (54)

This means that if 4o+ 5 — a0 > 0, then BR;(1/2a) =0, if 4o+ 8 — af < 0 then BR;(1/2a) = 1 and if
4o+ B — afB0 = 0 then BR;(1/2a) = [0, 1]. In particular
a) if 4o+ f — a5l > 0, then (B4 is strictly decreasing and BR;(1/2a) = 0;

b) if 4 + 8 — aff = 0, then (B4 is constant and BR;(1/2a) = [0, 1];

c,d) if 4o + f — a6 < 0, then (B4 is strictly increasing and BR;(1/2a) = 1.
Now we consider x; € (1/2a,1]. In this case, to have a non-empty interval, we must take o > 1/2. We

start studying the sign of f(z;) = m;(0,z;) — (1, z;), given by
fla;) = B*(1 = 200+ ab)a} + B(4 — da + B — BO)x; + 4+ 28 — B6.

A simple computation shows that
(da+ B)(4a+ B — aff)

1
/ (%) B 402 ’
f()=(28-p80+4)(8—af+1),
f(z;) =28%(1 — 2a + af)z; — B(4a — B+ B0 — 4).

a) If 80 < 4+ B/a, then both f(1/2a) > 0 and f(1) > 0. Moreover, we have that if (1 — 2a+ af) =0

then f(x;) = ((4a+ B)(Br2(l —a) +1))/a > 0, and then BR;(z;) =0 for any z; € (1/2«,1].
Conversely, if (1 —2a+af) < 0, since f is concave and both f(1/2«) > 0 and f(1) > 0, then BR;(x;) =0

for any z; € (1/2a,1].
Finally, if (1 — 2+ «f) > 0, f is convex but f'(1/2a) = B(4a + B)(1 — &)/« > 0, which, together with
f(1/2¢) > 0, guarantees that BR;(x;) = 0 for any z; € (1/2«,1].
b) If B0 = 4+ B/a, we have (1 — 2a + af) = 2 — 2a + 4a/5 > 0, so [ is strictly convex and, as just
seen, increasing. Since f(1/2a) = 0 and f(1) > 0, we have that f(z;) > 0 (i.e. BR;(z;) = 0) for each

zj € (1/2a,1].
c)If4+5/a < B0 < 28+4, we have f(1/2a) <0, f(1) > 0and f'(z;) > 0. By continuity and increasing
monotonicity of f, we have exactly one solution of f(x;) = 0 belonging to (1/2«, 1), given by (). Recalling

that for 80 > 4+ /«, x4 is strictly convex, we have

o 1; < Z; we have f(z;) = m(0,z;) —m(1,z;) <0 and then BR;(z;) = 1;
o 1; =Z; we have f(z;) = m(0,z;) —m(1,2z;) =0 and then BR;(z;) = {0,1};
o ;> Z; we have f(z;) = m(0,2;) — m(1,2;) > 0 and then BR;(z;) = 0.
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Noticing that for 86 = 28 + 4 we have both f(1) = 0, which means that BR;(1) = {0,1}, and Z; = 1, we
can conclude.

d) If 8 > 28 + 4, we have f(1/2a) < 0, f(1) < 0 and f'(z;) > 0, which means that f(z;) < 0 (ie.
BR;(x;) = 1) for each z; € (1/2c,1]. I

Lemma 17. Let a > 1/2. If BR;(Z;) =0 for some Z; € [0,1], then BR;(z;) =0 for any z; € [Z;,1].
If BR;(Z;) =1 for some &; € [0,1], then BR;(x;) =1 for any x; € [Z;,1].

Proof of Proposition[3 Combining Lemmas [[5] and [I6] we immediately obtain the four possible expressions
and characterizations ([IX)),([3),20) and (ZI) of the best response relation. In particular, we stress that
upper-hemicontinuity for the cases in which BR; is a correspondence is a consequence of the closed-graph
theorem, since it is easy to see that in such cases correspondence BR; is closed and indeed has both compact
domain and range.

If @ > 1/2, the same arguments used for the proof of Proposition [I] are still valid and provide either
strictly non-increasing, hump-shaped or constantly equal to 0,1 best response functions.

If « >1/2and 56 < 4+ g, the best response function is hump-shaped. If & > 1/2 and 0 = 4 + g, we
have that BR; = x4 is strictly increasing in [0, 1/2«), while BR; =0 on (1/2a,1]. If « > 1/2 and 36 > 4+ g,
we have that BR; is non-decreasing in [0,1/2«a) with BR;(0) < 1 and BR;(z;) = 1 for z; € [1/2c, ;). Then
BR;(xz;) =0 for z; € (Z;,1]. I

The analytical characterization of the best response function shape with respect to the parameters, which

is graphically reported in Figure [ is investigated in the next Proposition.
Proposition 16. Best response functions of games I' € L9 gre
a) constantly equal to 0 if and only if B0 < 4, which defines the blue region in Figure [I

b) hump-shaped if and only if

a < % g o> %
4<80<4(B+1—apB) 4 < 9<4+§
which defines the white region in Figure [IQ
¢) strictly non-decreasing and then null if and only if
o> %
4+L8 <pp<28+4
which defines the pink region in Figure [I0.
d) strictly non-decreasing if and only if
a < % g o> %
AB+1—aB) < po< (B+2)? 26+4 <60 < (8+2)

which defines the green region in Figure [0

e) BR; =1 if and only if B0 > (B + 2)%, which defines the cyan region in Figure I
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Proof. a) If 50 < 4,from Lemmas [T4] and [[6] we have that x4 (z;) < 0 for z; € [0,1/2a) N [0,1] and
BR;(xz;) =0 for z; € [1/2a,1].

b) If « <1/2and 4 < 80 < 4(8+1— af) < 4+ B/ we have that, from Lemmas [ and [[5] BR;(x;) =
x4 (zj) for any z; € [0,1]. Moreover, it is easy to see, from (@), that 0 < z, < 1 is equivalent to
4<p0<4(B+1—apf). If a >1/2, from the previous considerations, applying Lemmas [[4] [[5] and [I6] and
noticing that in this case 4(8 + 1 — af) > 4+ 3/«a, we can conclude.

¢) Since 0 > 4+ g, we have that x is strictly increasing in [0, 1/2«a/). Since 86 > 4, we have 24 (0) > 0.
If 80 = 4 + B/a we have that lim, _,(1/24)- 7+ (z;) < 1, and then, since BR;(z;) = x4 (r;) we have the the
best response function is strictly non-increasing for z; € [0,1/2a) and, from Lemma [[6] BR;(z;) = 0 for
z; € (1/2a,1]. Conversely, if 30 > 4 + B/a, since lim,,_,(1/2q4)- T+(2;) = +00, we have that there exists
b € (0,1/2c) such that BR,(z;) = x4 (x;) for x; € [0,b], BR;(x;) = 1 for z; € [b,1/2a). From Lemma [0l
we also have that BR;(x;) = 1 for x; € [1/2a, %;), which guarantees a strictly non-decreasing best response
function for z; € [0, %;). Finally, again from Lemma [I6l we have BR;(z;) = 0 for z; € (%;,1].

d) For 4(8+1—af) < B < (B+2)?, it is easy to see that 2, (0) € (0,1). For a < 1/2, since z,, > 1,
x4 is increasing in [0, 1]. This means that there exists b € (0,1) such that BR;(z;) = x4 (z;) for z; € [0, 5],
BR;(xz;) =1for x; € [b,1]. If @ > 1/2, since 26+ 4 > 4+ §/a, from Lemmal[l4] x, is increasing in [0,1/2«).
Since lim,, (1/2q)- Z+(7;) = +00, we have that there exists b € (0,1/2a) such that BR;(z;) = x4 (x;) for
xj €[0,b], BRi(z;) =1 for z; € [b,1/2c). A simple computation shows that for 56 > 25+ 4 we have Z; > 1,
which from Lemma [I0 means that BR;(x;) = 1 for z; € [1/2«, 1].

e) For 86 > (8 + 2)? we have 2, (0) > 1. Since, from Lemma [[4 we have that, for both a < 1/2 and
a > 1/2, xy(x;) is strictly increasing for z; € [0,1/2«), we have BR;(x;) = 1 for z; € [0,1/2a) N [0, 1].
If « > 1/2, from Lemma [I6 since a simple computation show that Z; > 1, we have that BR;(z;) = 1 for
zj € [1/2a,1].

Since the previous inequalities provide a partition of the parameters’ space, we have that all the previous

sufficient conditions are also necessary. i
Now we prove Proposition [

Proof of Proposition [l The cases of hump-shaped, strictly non-decreasing and constant best response func-
tions can be handled proceeding exactly as in the proof of Proposition 2] since the best response functions of
both games I'“NVS and T'E9F share the same characteristics. In the last remaining case the best response is
a correspondence whose expression is given by either (20) or (ZI)). In the former case, using 80 = 4 + 3/, it
is easy to see that BR,(x;) > z; for x; € [0,1/2«), while it is and null for z; € (1/2«,1]. So we do not have
any equilibria for z; # 1/2a. Since BR;(1/2a) = [0, 1], the unique Nash equilibrium is (1/2c«,1/2«), which
is internal for & < 1 and becomes the corner equilibrium (1,1) for a = 1. Noticing that 2¥f = 1/2a for
B0 = 4+ 3/ allows concluding the first part of the proof. Conversely, if 58 > 44 (/«a, we have BR;(z;) > x;
for x; €[0,1/2a), BR;(z;) = 1 for z; € [1/2¢, &) and BR;(z;) = 0 for z; € (Z;,1]. So we can not have
equilibria for z; # Z;. For x; = &; we have BR;(Z;) = {0, 1}, which means that we may have an equilibrium
if and only if either #; = 0 (which is not possible since Z; > 1/2«a) or #; = 1, Imposing #; = 1, we find
0 = (28+44)/B, which is compatible with 50 > 4+ 5/« for o > 1/2. Then, when o« > 1/2 and 6 = (26+4)/5
and 80 > 4 + B/«, we have the unique corner equilibrium (1,1). I

Using Proposition and the proof of Proposition [l we obtain the analytical description of regions
depicted in Figure 2 which is reported in the following Proposition.

Proposition 17. We have that

a) (0,0) is the unique equilibrium if and only if S0 < 4, which defines the cyan region in Figure 12
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b) (xNE 2 NE) is the unique equilibrium if and only if

IN
N [=

a ! a> 3
4<B0<4(B+1-ap) 4<po<4+L

which defines the green region in Figure [I2.
¢) there is no equilibrium if and only if
1
o > b
B
4+ 5 <pl<28+4
which defines the pink region in Figure 12

d) (1,1) is the unique equilibrium if and only if

N [=

a<% g o>
BO>4(B+1—ap) B >26+4

which defines the blue region in Figure [I2.

Proof. Since in Proposition [[7l we showed that the equilibrium is unique, if we prove the sufficiency of the
previous conditions, which provide a partition of the (8, «,#) space, we automatically have that they are
necessary too.
a) It is sufficient to notice that from S0 < 4 we have that BR;(0) = 0 (Lemma [T4]).
b) We start considering the couple of inequalities given by case ¢) of Proposition[I6l Under such assumption,
we have hump-shaped best response functions, which, recalling Proposition [G] provide the unique internal
symmetric equilibrium.

We only have to consider a > % and 80 = 4 + g In the proof of Proposition [6, we showed that in this
case (1/2a,1/2a) is the internal symmetric equilibrium. This concludes the proof of case b).
¢) The result is obtained in the proof of Proposition
d) The result is a consequence of cases d) and e) of Proposition [l and of the proof of Proposition[@ N
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