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Abstract

A Markowitz portfolio model is developed in this paper, in order
to show how the optimal portfolio is changed if the bank forecasts
a shock. It is shown that monetary and real shocks result in quite
different patterns of reaction by the bank and these results do not
depend on the existence of market power. The model allows to study
the effect of different degrees of diversification of the portfolio and
shows that the smoothing of shocks increases with the concentration
of the portfolio. The shock determines a shift of the composition of
the portfolio of assets: the bank increases the share of the less volatile
assets that have a lower return as they charge a lower rate to the
firm. This phenomenon emerges whenever a variation of the interest
rates of any asset affects the cost or the volatility of the asset too,
so that equiproportional variations of the rates affect net return and
variance of different assets in a different way. The benefits of this
kind of behaviour decline with the availability of a wider range of
assets. These results are consistent with all the most recent empirical
evidence.
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1 Introduction

Relationship lending has been the subject of a variety of theoretical and em-
pirical works that have shown its importance in determining the peculiarities
of the banking sector. One of the outcomes of this literature has been the de-
velopment of an implicit contract theory, which, in analogy with some studies
of the labour market, has shown how banks might be willing to establish im-
plicit contracts with their borrowers, in order to smooth intertemporally the
effects of shocks. According to the theory, banks would be willing to bear
part of the cost caused by a negative shock, either a monetary shock or a
real shock because the long term character of the contractual relationship
means they can charge their borrowers higher costs for their services in other
periods. In the long run profits of the bank would be higher, owing to the
reduction of default costs. This theory implies that banks have some sort of
market power, otherwise they could not avoid being undercut in periods of
boom and the implicit contract could not survive. In particular, it assumes a
certain degree of stickiness of bank interest rates and of sluggishness of their
reaction to shocks.

Most empirical studies have confirmed that the credit system, cannot be
described as a perfectly competitive market. Transaction costs, uncertainty
and asymmetric information are all very relevant in the market, suggesting
the need for the long term relationship and the competitive structure of the
industry. The stickiness of bank interest rates, of both loans and deposits, is
one of the stylised facts that are generally accepted. Besides, recent works
have all shown that the econometric evidence is quite consistent with all the
implications of the implicit contract theory, while all alternative explanation
of the empirical evidence are not entirely convincing.

The aim of this work is to develop a Markowitz Portfolio model, in order
to analyse how the structure of the portfolio of the bank is changed, in re-
sponse to different kinds of shocks. The model shows that assuming banks to
be risk averse, the arguments of the implicit contract theory are reinforced.
Our results are consistent with the most recent empirical evidence and shed
some light on the driving forces determining the behaviour of banks. Section
two of the work introduces the empirical studies on bank lending, illustrating
in particular the results regarding the effects of shocks on the portfolio. They
are quite supportive of the implicit contract theory, but show that different
kinds of shocks exert different effects on the portfolio. This result cannot be
easily explained by the implicit contract theory. In section three a Markovitz



type of mean variance portfolio model is derived for a banking intermediary.
The main extension of the basic model is the introduction of an expected
default cost function that takes into account that asymmetric information
problems might determine a dependence of the expected default cost on the
level of interest rates. Section four shows a portfolio model that includes
transaction costs and default costs. In order to study different patterns of
bank relationships, deposits are partitioned between firms and households
deposits; loans are segmented in two classes, normal loans and commitment
loans. The partition of deposits reflects the different sets of banking services
that determine the demand for deposits and, accordingly, their cost. Loans
are divided in two classes that reflect different degrees of closeness in the
relation between the bank and its borrowers, according to the availability of
inside information on the quality of the projects that the bank can obtain.
The model is used to analyse the effect of shocks on the portfolio, both inter-
est rate shocks and real shocks (that affect the bank as credit quality shocks).
The theoretical results are in accordance with the empirical estimates con-
ducted in the US.

2 Relationship lending and risk: the empiri-
cal evidence

The importance of long term relations between the bank and its borrowers has
been largely recognised in the literature of the microeconomics of banking.'
The consideration of the importance of personal relationships in banking con-
tracts has lead to the development of a theoretical argument justifying the
emergence of implicit contracts between the bank and its borrowers. Accord-
ing to the theory, banks often implicitly agree to insure borrowers against the
effects of shocks, accepting to bear part of the cost produced by the shock,
but charging as a compensation for this service a higher price, generally in
the form of a higher interest rate.? Due to the long term character of the
relation with their customers, banks can enter in a risk sharing agreement
with their borrowers, sharing the risks associated with an uncertain future.
In the case of monetary shocks, banks would be willing to smooth interest

!Since the appearance of Fama [9].
2Fried and Howitt [10] showed that interest rate smoothing is part of an optimal con-
tract.



rate shocks intertemporally, thus avoiding transmitting the variation of the
rate in full.® When a real shock hits the economy, it raises the risk of the
portfolio of loans. The bank might absorb part of the shock, by refraining
from contracting the portfolio of loans to the extent that the increase of
non-performing loans would otherwise require. As a compensation for this
service it would charge a higher average interest rate, increasing the rate
when market conditions are more favourable.

A few empirical works have tested some of the implications of the the-
ory. The results seemed to support most of the main theoretical predictions.
A first, necessary condition that has been tested is that interest rates on
loans are sticky. Empirical studies conducted in different periods and differ-
ent markets showed that rates on loans are less volatile than other interest
rates, so that it looks like being a permanent characteristic of the market
for banking credit. In general, many different econometric estimations have
shown that the commercial loan rate is slow to adjust to open market rate
changes. Banks would smooth the effects of monetary policy, reducing the
effects of monetary contraction in order to prevent too many bankruptcies,
compensating the effect on their balance sheets through a slower reduction
of interest rates, in periods of monetary expansion.

Petersen and Rajan [18] showed that the availability of financing increases
for firms that have close ties with an institutional creditor. According to
their results, "relationships are valuable and appear to operate more trough
quantities rather then prices”.* Their work is based on the analysis of a data
set of small firms in the USA. Berger and Udell [3], in a similar work appeared
the following year, showed that ”borrowers with longer relationships pay
lower interest rates and are less likely to pledge collateral”.® They use data
for small business, and the main difference with respect with the former work
is their focus on loans issued under lines of credit, a restricted set of loans,
the one most likely to be affected by the nature of the relationship. A study
by Cole [8] has analysed ” The importance of relationship to the availability of

3If loans were negotiated in spot auction markets then customers would then be exposed
to the risk of fluctuating interest rates on loans. A bank may be willing to insure the
customer against part of such risk by a policy of keeping interest rates less variable than
they would be in spot auction markets, in return for which the customers may be willing
to compensate the bank in the form of a higher average interest rate. Fried and Howitt
[10], p. 472.

4Petersen and Rajan [18], p. 3.

®Berger and Udell [3], p. 351.



credit”, confirming its importance for credit relations. It seems likely that a
bank cannot easily and quickly increase the number of its borrowers because
it has to evaluate their solvency. If it wishes to rapidly expand its activities
it has to rely on already existent relationships, and this represents a severe
constraint on the possibility of expanding the number of loans granted. This
might lead the bank to have different kind of contractual agreements with
different classes of customers.

Berlin and Mester [4] [5], provided further evidence in favour of the hy-
pothesis of intertemporal smoothing trough the exploitation of long term
relationships. These works are important as well because they are the first
to test empirically the reaction to shocks. The first of the two works was
based on a panel of data consisting of information regarding the terms of
each loan of a set of US banks. This permitted the authors to estimate the
degree of smoothing and to run a regression of smoothing on profits. They
considered a positive relation to be a proof of the optimality of a risk sharing
implicit contract. The relation they found was significantly positive in the
case of an interest rate shock, significantly negative in the case of a credit
risk shock. According to their results ”in general loan rate smoothing in
response to a credit risk shock is not part of an optimal long-term contract
between a bank and its borrower, while loan rate smoothing in response to
an interest-rate shock is”.% Only for the smallest subset of banks a signifi-
cant positive relation could be found for a credit risk shock. After testing
for the alternative hypothesis that the relation could be driven by inefficient
pricing, which they rejected, they concluded that interest rates smoothing
is part of an efficient contract between banks and borrowers for all classes
of banks, only in the case of interest rate shocks. The second work is based
on the same dataset as the previous one, and considers the relation between
smoothing and core deposits that are deposits whose interest rates are par-
ticularly inelastic. They found that ”banks more heavily funded with core
deposits provide borrowers with smoother loan rates in response to changes
in aggregate credit risk.” 7 The reason is that core deposits insulate the
bank’s cost of funds from shocks, so that banks that rely mainly on core de-
posits can provide more loan rates smoothing in response to shocks. These
findings are probably not at odds with the findings of the former work, as
it is widely recognised that small banks are the ones that rely more heavily

Berlin and Mester [4], p. 873. Author’s italic.
"Berlin and Mester [5] p. 580.



on core deposits as a source of finance. A higher dependence on deposits is
normally peculiar to small banks, and this work seems to justify the widely

held opinion that small local banks are in general more willing to smooth
shocks.

3 The portfolio problem of the bank

Markovitz type of portfolio models are based on the assumption that returns
and risks are exogenous and the quantities of each security held is the choice
variable of the bank. In order to take into account the effect of information
costs and default costs in the portfolio choice, we describe the problem of
the bank as a two-stage process. We assume that the bank classifies different
available groups of assets or liabilities in categories, on the base of institu-
tional properties and of the sector of activity of the counterpart. In the first
stage the bank evaluates the optimal amount of investment in information
that is worth taking for every class of security that it might choose to hold.
External information is available to any participant in the market at a rela-
tively small cost that we consider to be part of the transaction cost necessary
to purchase the security. Certain categories of assets and liabilities, such as
deposits and many classes of loans, are available to banks only. Relationship
lending allows the bank to obtain internal information, that is not available
to the market in general, but in order to establish the relationship the bank
has to bear an information cost. Assuming the existence of a competitive
market where rates are set exogenously, the problem can be formulated as the
optimal choice of loan quantity and investment in information.® Information
affects the returns of the bank reducing expected default costs. The default
probability can be formalised as a function of the information regarding the
single loan and the quantity of the loan itself. The expected return of a loan

is:
Elrl=r,L—p(l+7r,)L— FC — sz, (1)

where r;, is the interest rate on loans, L is the quantity of the loan, F'C is a
fixed cost, sz is the cost of information and p is the subjective evaluation on
part of the lender of the probability of default of the single loan. p is defined
as

p=flqg,l)=f(z+a,L). (2)

8Asin Aigner and Sprenkle [1].




The parameter a represents the available stock of information, accumulated
in previous periods through relationship lending, z is the amount of informa-
tion that the bank can obtain in the short run, incurring in a cost that for
simplicity is assumed to be linear and equal to sz.

The investment in information is worthwhile as long as the reduction of
default cost that it produces is larger than the cost of the information. Un-
der standard assumptions regarding the cost functions there is an optimal
amount of investment in information 2z, and an optimal quantity of the single
loan L, which minimise the default cost. It is important to observe that the
level of the default cost crucially depends on the value of the stock a, that is
the result of the investment entertained in the past. The investment in infor-
mation reduces the default cost of every single loan and the average default
cost of a class of loans, given the exogenous possibility of diversification inside
the particular class. It is the availability of internal information, obtained
through relationship lending, that allows the bank to reduce the average cost
of default, while the market cannot reduce default costs by means of the
available external information. The bank accordingly classifies the securities
under consideration in the portfolio problem, calculating an expected return
for every security (and the corresponding expected variance) composed of
three terms: the basic interest rate component, the transaction cost (that
includes mainly the cost of obtaining and processing the information), and
the default cost. Every class is composed of many different securities, but we
will assume that the choice of the quantity of every security inside the class
is fixed in the first stage. The degree of diversification inside a class is very
important, but we will assume that it depends on the peculiarities of the
sector itself. For example we can imagine that as a policy the bank chooses
to issues mortgages of amounts lying within a predefined range. The degree
of diversification of the whole portfolio of mortgages will be constant and
will depend on market conditions at the moment of the first-stage decision.
Mortgages are a class of loans that are diversified to a certain degree, which
is higher than the one for other types of loans, for example industrial loans,
because the mortgages are issued in larger numbers of smaller loans than are
loans to industrial firms. We will study the portfolio choice among different
classes.



3.1 Portfolio theory and banks

The Markovitz portfolio approach has been applied to banks and other finan-
cial intermediaries, assuming banks to be risk averse agents that maximise a
concave utility function where profits are the argument. Assuming all returns
to be exogenous, the optimal portfolio of assets and liabilities can be jointly
obtained. We base our work on the model developed by Hart and Jaffe [11]
and on the extensions of the theory that Szeg6 [22] has introduced. The main
result of the model is a separation theorem that shows that the choice of the
optimal composition of the portfolio (in terms of the relative size of asset
shares) is independent from the choice of the optimal size of the portfolio
itself. The other major conclusion is a comparative static theorem that we
use largely in this work. In order to establish the comparative static results,
only a fairly general assumption regarding the utility function is required.
The requirement is that the utility function exhibit non-increasing absolute
risk aversion. This restriction is often considered to be generally accept-
able, and seems very reasonable for a financial intermediary. The main flaw
of the model is that under the assumption that interest rates on assets are
higher than on liabilities, the bank might be willing to expand its portfolio
indefinitely. This problem though can be solved, introducing the innovations
proposed by Szegd [22].

The model of Hart and Jaffe assumes that there are no risk free assets and
that net worth of the intermediary is a small part of its liabilities and can be
set to 0 or considered as another liability. The bank chooses simultaneously
the optimal quantity of both assets and liabilities; liabilities have a negative
sign, assets a positive one. A portfolio is represented by the vector x, with

Jj+i

Z:ZL‘Z = O, (3)

where the index j represent liabilities and ¢ assets and the first j components
are non positive while the last ¢ are non negative. Assuming R; to be a
random variable that measures the real return of the security, the expected
value of the real wealth of the bank is

j+i

=1

The average return on every assets is assumed to exceed that on liabilities.



o o 1
The standard deviation of W is given by o = (x'Sx)z where
011 ¢ 0 0144
S =
L Tj+it © 7 Ogtig+i

Imposing a restriction on the utility function, the Arrow-Pratt hypothesis
of non-increasing absolute risk aversion, some interesting comparative static
result can be obtained.? The main results of their comparative static analysis
are synthesised in the following theorems!’:
1. If the expected return on one security rises, ceteris paribus, the quantity
of the security held does not fall. If the quantity held is not zero, it
will rise.

2. If the covariance of two securities rises, ceteris paribus, the product of
the two quantities does not rise. If the product of two is different from
0 (if both securities are held in the portfolio) the product itself falls.

3. If the variance of any security rises, ceteris paribus, the absolute value
of the quantity held will not rise. If the quantity held is not zero, it
will fall.

The second result holds either if the two securities are both assets or both
liabilities or if one of is an asset, the other a liability. The interpretation
of the result is opposite, in the two cases. When the two assets have the
same sign, the theorem states that an increase in the covariance determine
a reduction in the quantity held of both, or if one of the two is increased,

9In order to rule out the possibility of the existence of riskless non-zero portfolios
some assumption regarding S is required. The simplest possible is that S is positive
definite, assumption that implies that no riskless security is part of the portfolio. A
weaker agsumption that implies that no two securities can be riskless is sufficient:

x'Sx > 0. (5)

The other important assumption of the model is that there is not a positive and fixed net
worth component of liabilities.
OHart and Jaffe, 1973,[11] pp. 140.



the reduction in the other one has be larger. On the other hand, when
one the securities is a liability, the other an asset, since they have opposite
sign, the effect of the increase of the covariance on the quantities held is
opposite. If the covariance increases, the quantity held of both securities is
increased, or the quantity of one of the two is reduced, the quantity of the
other is increased more than proportionally. The reason is that since the two
securities have opposite sign, a stronger covariance is analogous to a higher
negative correlation between two assets in the standard portfolio problem.
So the bank is willing to increase the holding of the two, because it can hedge
the asset buying the correlated liability or the other way round.

3.2 Assets returns
3.2.1 Interest rate component

The definition of different risk categories is necessary in order to model the
portfolio choice of a bank and its behaviour towards risk. Our main aim is
to evaluate different diversification policies. Accordingly we will concentrate
on the factors affecting single banks, leaving aside systemic risk due to the
possibility of a bank run, which we will consider to be dealt with by pub-
lic authorities. We will not consider a second factor that could be relevant.
Different arrangements of the capital structure could possibly guarantee dif-
ferent levels of protection from the exposure to exogenous factors, but to
focus on the main problem, we will consider the capital structure of the bank
to be irrelevant, at least in the first instance. The set of risk factors affecting
the balance sheet of the bank is assumed to be exogenous. We will consider
returns from the portfolio to depend on three distinct sets of factors, interest
rates, default costs and transaction costs. Interest rates are assumed to be
exogenous and to depend on a rate set by the central bank, whose variations
determine a shift of the return of all assets. Different securities available to
the banking firm are characterised by a different mark up (normally positive,
negative in the case of deposits) with respect to the interest rate set by the
central bank:

ri = o[l + f(0)); (6)

the rate set by the central bank is assumed to behave as a random walk

i =l e (7)
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Every asset return is subject as well to an idiosyncratic shock that we assume
to be white noise, so that

rpf =L+ F)] 4 € + €, (8)

where the subscript e indicates the expected values. The securities we are
considering could be both assets and liabilities. The main difference in the
problem of the bank is that they enter in the portfolio with an opposite sign.
Since the basic portfolio model requires returns to be set exogenously, what
we are implicitly assuming is that banks divide loans and deposits in classes,
whose interest rates are set according to a fixed rule, as a mark up on the
interest rate set by the central bank.

3.2.2 An expected default cost function

In every period, the bank has to forecast return and variance of its portfolio
of loans. The problem we are considering here is the evaluation of those
factors of risk that affect the probability of default of the loans that compose
the portfolio. Our assumption is that on the basis of the stock of its private
information, due to past and current investment, the bank makes its evalua-
tion of the risk factors affecting every single loan. The probability of default
of single individual loans can be considered to be affected by idiosyncratic
shocks that we assume to behave as random walk with a drift. Formally

t
Uit = U1 + pi + €1 = Uig + pil + ) €, 9)
k=1

where Uy, is the specific risk factor of the i** loan, with ¢ = 1...n; u is the

drift factor, and e is the term. The expected value is
E[Uz ] = Uio —+ /Jﬂf, (10)
the variance
Var[Uy] = to>. (11)

The risk for the portfolio of loans that define every class is a weighted av-
erage, with weights represented by the share of the i** loan in the entire

portfolio that we measure as h; = Lf The share of every loan inside a class
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is exogenous, because the optimal quantity of every loan is established in the
first-stage process, together with the optimal investment in information.

n n t
Ut = Z thzt = Z hz(Uzg + ﬂit + Z Gk), (12)

its expected value is given by

n

EBlU)] =Y hi(Ui + pit), (13)
i—1
its variance by
VarlUy]) =Y hlto?. (14)
i—1

The last equation shows how the variance of the risk is affected by diversi-
fication. The value Y7 ; h? is in fact a standard measure of concentration
and it is equal to 1 only when the entire portfolio is concentrated on a single
loan.

Because of the existence of asymmetric information and uncertainty, vari-
ation of interest rates affect the probability of default of borrowers. In order
to show the effects of interest rates on the default cost function of the bank,
we introduce a function that shows the link between default probabilities and
interest rates variations,!’ The function a(LR) shows how the probability of
default of the single borrower is increasing in the amount of the interest fac-
tor LR. It measures the sensibility of the default cost to variation in the
interest rate factor, and depends on the stock of information. The higher
the information, the lower the asymmetry in the information, the lower is
the value of «;. The function is stochastic, because the bank estimates the
sensibility of defaults to interest rates shocks with an error. Since we have
to assume that the correlation p,,, between the error in the estimate of the
sensibility and the random error in forecasting default costs is constant, the
function « is linear with respect to the interest rate factor. Since we want
to apply the function to the entire loans portfolio of the bank, we have to
derive a similar function defined on the entire portfolio of loans. We define
¢ to be the weighted average of all the single individual functions «;, with
weights given by the ratio h; = Lf that measures the weight of every single

Hderived from Jaffee and Russell [15].
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loan with respect to the entire portfolio. (From now on L will represent the
entire portfolio of loans while I; indicates the single individual loan.)

¢ = Xn:hi%'- (15)
i=1

The function ¢ is defined in the interval [0, 1]. The value of ¢ increases with
«; that is a positive function of the interest rate factor, and with the value
of the concentration h;. Its value decreases with the current investment z in
information and the level of the stock previously accumulated a.

ﬁ% — o!(LR)h; > 0
2
aan;# — o/ (LR)hs < 0
g;f =qo; >0
d¢
0z +a <0, (16)

where R =1 + r; is the interest factor.

It is now possible to summarise the risk factors in an expected default
cost function. We express it as a negative return in per cent terms that
can be simply subtracted from the exogenously given expected returns. In
general, this function is given by

D = E[LRp(D)] (17)

3

where L is the amount of loans of the entire portfolio, R is the interest
factor, p(D) is the subjective evaluation on part of the banker of probability
of default. This equation simply states that a share p(D) of the loan portfolio
will not be repaid. Considering the fact that in case of default both principal
and interest are not repaid, the expected default cost function is

E[Dy1] = E[LRp(D)] =
LE[R]E[Xn: hi(as + Uio + pit + D )] =

=1

13



As a consequence, we will consider the expected per cent cost of default to
be

n

=1

with a variance of

o= (1+ ri)Q{Z hi (o2 +to?)} +
=1

+03[Z hiozl- + Z hZ(Uzg —+ /th)] —+ 2,07«2010'7«20'&. (20)

1=1 1=1

3.2.3 Transaction costs

Transaction costs are assumed to be different for any security. The term
transaction cost is used in the wide sense and its meaning includes in par-
ticular the cost of the investment in information (search cost, such as ad-
vertising, promotions plus the cost of the evaluation of the reliability of the
depositor or the borrower), z;. The only fundamental assumption, in order
to comply with the requirement of exogenous returns, is that the optimal
transaction costs are proportional to the amount of the security acquired
% = 0. This assumption is quite restrictive, since it rules out any economy
of scale in the management of information. The meaning of the assumption
and its acceptability varies considerably with the level of aggregation that
we are considering. In the case of complete disaggregation of the portfolio of
assets, it means that the cost of the optimal information for a loan of a dollar
and for a loan of a million dollar is the same fixed proportion of the loan,
even if it is issued to the same person. And this seems hardly acceptable.
But if we assume that every asset represents a particular contract issued to a
definite set of customers pooled on the base of some common characteristic,
the story seems more reasonable. What we are now assuming is that, on
average, the bank estimates the cost of information for that kind of loans,
to be a fixed percentage of the loans. The assumption is now more tenable,
because the range of the eventual economies or diseconomies of scale of the
whole set of loans pooled together will be much smaller than on the single
loan. Considering, as it seems reasonable, that the cost of information de-
pends on the evaluation of the borrower, not just on the evaluation of the
single project. From another perspective the model allows us to take into

14



account the existence of economies of scope. Economies of scope would cause
transaction costs of different assets to be correlated with each other. There
might be two relevant sets of economies of scope: economies in acquisition of
the information regarding the quality of loans that would determine a cor-
relation between certain categories of assets; and economies between some
sets of assets and some sets of securities, as for example loans and deposits
of firms.

3.3 Expected net returns and variance

We are now able to show expected net returns of the securities and their
respective variance. Throughout this work we assume that financial markets
are highly competitive and banks have to behave competitively in order to
attract households’ deposits and to provide loans. Accordingly banks are
considered to be price takers. This implies that they can choose the quantity
of the liability that these services represent in their balance sheet, at a given
cost that is represented by the market interest rate plus a transaction cost.
The expected return (cost) of any liability is composed of two terms, the
interest rate component and the transaction cost component.

7"; :Tj+0j, (21)
where ' .
ry =170 =10+ F() + € + (22)
and A . '
=i =d+ e (23)

Transaction costs are assumed to be forecasted with an error, in order to
capture the effect of technological shocks that affect the financial markets.
The respective variances, assuming different errors to be uncorrelated, are

o} =0l +ol +al. (24)

The return on the asset represented by loans has three components, a posi-
tive component represented by the expected interest rate earned, minus the
transaction cost expressed in percent terms, and minus the default cost of
the loan. Formally 2

T;:T'Z'—Ci—di, (25)

12Ag in Kane and Malkiel [16].
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where

re= it =1 1) + !+ el (26)

di = (1 + 7“1)[2 hz(ozl + UZ‘(] + /Lit)], (27)
i=1

C=cpl = c+ € (28)

The forecasted variance is
2 2 2 2 2
o, =0,, 0, +0,. + 05+ 20bai0Ob0di + 2pidi0i04i; (29)

where

o5 = (141D hi(o) +to?)} +
=1

+(O-zb + 012)[2 hia/i + Z hZ(UZO + Mzt)] + zpCbOéO—CbO—Oc + 2pia0i0a- (30)
=1 =1

It is important to remark that the degree of concentration is exogenously
given for every class of security. That degree is the outcome of a prior choice
of a standard composition for every class of securities. Every class is formally
analogous to a mutual fund, whose degree of diversification depends on the
peculiarities of the securities that compose it. For example we might assume
a higher degree of diversification in the case of consumer credit than in the
case of loans issued to firms.

4 The loans portfolio model

The model is an application of the model of Hart and Jaffe [11]. We use
the theorems they developed in order to study the choice of the bank among
commitment and normal loans and among the different sources of deposits.
Liabilities enter in the portfolio problem of the bank with a negative sign,
and the expected return (measuring the cost) of each of them is the sum of
the interest rate and the transaction cost component. Both component are
be different for each liability. We consider the existence of three different
kind of liabilities: deposits of households, deposits of firms and money mar-
ket instruments. Money market instruments are assumed to have negligible

16



transaction costs. The expected returns of liabilities are represented in the
following vector:
T.m
Xj=| Tht+cCp
rr+cy

The model is based on a bipartition of deposits services that banks provide
in two different categories: deposits of households and of firms. Households
make use of deposit services mainly to invest their savings. To attract these
customers, banks have to pay an interest rate that has to be competitive
with the returns offered by other financial instruments and institutions.

The relation between the bank and the firm is of a different kind. Firms
need the bank in order to obtain a wide range of credit facilities. They use
the bank to deposit their liquidity because it is in the mutual interest of both
the bank and the firm itself. The bank can increase in this way its liabilities
and extend accordingly its revenues (this represents the implicit payment that
Sprenkle [20] was considering as the reason for the firm to hold the apparently
irrational amount of deposits that they normally hold); on the other hand
the firm using the bank to administer its payment increases enormously its
potential liquidity. The bank in fact furnishes implicitly a screening and
certification service of the firm, for everyone that receives a payment from
the firm. As a consequence, we have to assume that both the transaction
costs and the idiosyncratic component of the interest rates of loans are highly
correlated with the cost component of firm deposits. Recent developments
in the microeconomic theory of banking have shown the importance of the
economies of scope that the bank can exploit providing jointly services of
deposit and credit.!® ™

We divide the assets of the bank in three categories: normal loans, com-
mitment loans and bonds. Commitment loans are a class of loans for which
information problems of the bank are less severe. Commitment loans are
normally issued to the best and most reliable clients. Accordingly it seems
natural to assume that the adverse selection and moral hazard problem as
interest rates rise will be more severe for the borrowers with normal loans.

13See for example Vale [23], "The Dual Role of Demand Deposits under Asymmetric
Information” and Kashyap, Rajan and Stein [17], "Banks as Liquidity Providers: An
Explanation for the Co-Existence of Lending and Deposit Taking”.

14Tn the model with limited liability issuance, the correlation between rates is explicitly
modelled and depends in particular on the feedback coefficient k.
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Commitment loans are issued to the most reliable borrowers and must pro-
duce a lower expected return than normal loans, because they are less risky.
If this was not the case, than they would have both a higher return and
a lower variance, dominating the other class of loans and the bank would
never choose to hold normal loans in its portfolio. Since there is no reason
to assume default cost or transaction costs to be higher for the most reliable
class of borrowers (they will most likely be lower), the mark up must be
substantially lower. In other words, competition in the credit market would
transmit the benefits of the increased information to the borrowers in terms
of a lower interest rate on loans.

Commitment loans are issued to the most reliable customers and their
maturities are spanned over a longer period of time. The lower mark up
implies that an increase in the common interest rate factor causes a lower
increase of the rate of this class than of the rate of normal loans, implying a
higher degree of smoothing of the shocks. We will assume for simplicity that
bonds have no default and transaction costs. Transaction costs of bonds
are clearly much lower than transaction costs of loans for the bank and
accordingly they can safely be approximated to zero. Default cost of bonds
are clearly not null since there are bonds of every class of risk. But banks
have a lower cost of evaluation of the information of projects'® than the
market. So in normal conditions they should not be willing to buy bonds
more risky than the loans they can issue, because high yield (and high risk)
bonds would normally be dominated by loans. We can assume that the
relevant alternative for the portfolio choice of a bank are bonds with a lower
risk and return, such as state bonds. The expected returns can be shown by
the following vector:

Ty
X = Tl—Cl—dl
rc_cc_dc

We can now define the matrix of variance and covariance, assuming the
following:

The costs of loans and deposits are positively correlated. This assump-
tion is largely justified by the literature on banking and is the effect of
the economies of scope in the banking sector.

15See Fama [9].
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The correlation between loans and firm deposits is much higher than
the correlation between loans and household deposits.

Pt = Pre > Prt = Phe (31)

The costs of different types of loans are positively correlated with each
other and the same holds for different types of deposits.

Interest rates are positively correlated with default costs.'®

The correlation between interest rates and cost of loan is higher for
normal loan rather than commitment loans. Formally

pdﬂ'[ > pdcrc' (32)

The variance of the returns on normal loans will be higher than that of
commitment loans, the variance of the returns on bonds will be even
lower. On the other way the expected returns from commitment loans
are lower than for normal loans and the expected returns of bonds are
even lower.

rp<rl<r  op<or<or. (33)

The variance of household deposits will be lower than that of firm
deposits, the variance of money market funds will be higher than both.
Expected returns (costs) for household deposits are higher than for firm
deposits and expected returns of money market funds are higher than
both.

L <ry<r, 0., <07<o0}. (34)

All the shocks are independent white noise.

The resulting variance and covariance matrix is

0 0 om 0 O
0 0’% Ohf 0 Opl Ohe
0 Ohf J]% 0 Of1 Ofc

oy 0 0 o2 0 0
0 Onl Oyl 0 0'12 Olc
0 0 o4 o

2
Im

O—hC O-fC c 4

16 Ag in Jaffee and Russel [15], or Stiglitz and Weiss [21].
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The variance of the return of an asset, for example normal loans will be:

2 2 2 2 2
o, =0, + O, + Oc., + a1 + 2pcbd10d,0dg + 2,010”0[0(1[. (35)

The variance of the return of a liability, for example firm deposits, is
of=o0., + a?f + agcf. (36)
In the same way all the covariances, are as in the following example that
shows the covariance between loans and commitment loans. It must be re-
membered that we do not take into account the direct effect of 7., that is
present in every return and we rule out its effect from the analysis of the

correlations, assuming its direct effect to be symmetric in every covariance
term and setting it for simplicity to zero.

Ole = Pi1c010¢; (37)
the correlation terms of the covariances can be expressed, as
plC - pdldc +pdlrc +pdc"’l +pclcc' (38)

The matrix can be reordered as

(02 oy 0 0 0 0 ]
Omb O'g 0 0 0 0
0 0 O'}QL Ohf Oni Ohe
V: 2
0 0 ony 07 op Ofe
0 0 Onl Oyl 0'12 Olc
0 0 Ohe 0Opc Ofc 02 ]

It is now apparent that the matrix is composed of two independent blocks
and the system can be decomposed. In this case we can apply a separation
theorem proved by Szegd [22] that states that the choice of the bank is
analogous to a choice between two mutual funds, one composed of ”market”
securities, the other one of deposits and loans.

4.1 The effect of shocks

In order to study the effect shocks, we can make use of the theorems that
we showed in section (3.1). Our results are an application of this theorem
to the model we have developed. It is worth noticing the importance of our
assumptions regarding the correlation. Since

0ji = 0;P}i0i, (39)

we can note that the degree of correlation, p, plays a key role.
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4.1.1 A monetary shock

We consider the effect of a perfectly anticipated monetary policy shock first
that affects positively all the returns; applying parts 1) and 3) of the theorem.
Under our assumptions, the variation of interest rates per se, being propor-
tional to each security, leaves the portfolio problem unchanged. But because
of asymmetric information, default costs increase as the interest rates rise,
partially offsetting the positive effect on the rates. 7 The key point to note,
is that default cost do not increase symmetrically, because commitment loans
are extended exclusively to the best customers. As customers are screened
and divided into two classes, the problems of asymmetric information affect
normal loans to a much higher degree. The same kind of situation affects
the variance matrix. The interest rate shock in itself increases proportionally
the variance of different assets, shown in equation (35). But the effect of the
shock is not symmetric: the correlation between interest rates and default
costs clearly causes an asymmetric impact on different classes of assets. This
implies a proportional shift of the portfolio from loans to bonds. Since the
effect is stronger for normal loans, the contraction is not proportional: the
quantity of normal loans held is reduced more than the quantity of commit-
ment loans. The conclusion seems inescapable: the increase of interest rate
shifts the portfolio of the bank. The bank substitutes bonds for loans, and
commitment loans for normal loans.

Since deposits and loans are positively correlated, we can apply part 2)
of the theorem that states that the product of the deposit liabilities and the
correlated loan assets have to decrease, because of the shock. This means
that the absolute values of the holdings both securities cannot fall. Since
we know that the quantity of loans decreases, this means that the quantity
of the correlated deposits has to grow at least proportionally. The intuition
behind this result is that since deposits and loans have opposite signs in the
portfolio, the bank can exploit the correlation, in order to hedge its position.
As a consequence, the bank has an interest in increasing the amount of the
correlated deposit, because it can use the liability, deposits, to hedge its
position against the volatility of the asset, loans. The higher the correlation,
the higher is the tendency for the optimal amount held in the portfolio of
both the liability and the asset to move together.

1"When interest rates are sufficiently high and the increase in interest rates is of signifi-
cant magnitude, the effect on default costs might overcome the effect on rates, as Stiglitz
pointed out on many occasions. But we will consider the "normal” case here.
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When a positive monetary shock affects the economy, banks tend, ceteris
paribus to increase the holdings of deposits rather than other liabilities, such
as money market funds. Besides they tend to increase the holding of deposits
of firms more than that of households, because deposits of firms have a higher
correlation with loans. And vice versa. In other words there is a tendency
for the relationship between firms and banks to strengthen as interest rates
rise. And the bank tries to rely more on ”core” deposits as its main liability.
We have assumed for simplicity that the increase in interest rates is sym-
metrical, which is not very realistic. If we relax this assumption, the results
hold a fortiori. Competition in the credit sector is much weaker than in the
stock market, where bonds are traded, because of the importance of inside
information. Banks charge a mark up to their borrowers, but implicitly pro-
vide an insurance, not raising the rates proportionally when they go up, and
not reducing them proportionally when they go down.'® The most reliable
customers benefit from a lower mark up, as a consequence the impact of the
rise of the rate would be lower on the rates of commitment loans.'?

4.1.2 A real shock

A perfectly anticipated negative real shock that hits the borrowers affects the
cost structure of the bank in two different ways. The first and most obvious
effect is an increase of the probability of default that reduces the expected
return of loans. This time there is no reason to believe that the shock hits
the two kinds of borrowers in a different way. Costs of defaults are different
for the two kind of loans, and we take into account the different evaluation
of the reliability of different borrowers. As the shock hits the economy both
kinds of debtors are affected and costs are expected to increase in the same
proportion. At the same time the variance of both assets increases, rein-
forcing the negative effect of the shock on the holding of the loans. The
higher correlation between default costs and interest rates of normal loans
determines a tendency for a more than proportional reduction of the holding
of normal loans rather than commitment loans. But this time the effect is
much smaller than in the case of a monetary shock, because the asymmetry
affects only the covariance terms, of all the components of the variance of
each asset. And, as we have seen, returns are affected in a symmetric way.

18See Fried and Howitt [10].
19This can easily be seen considering the model where a limit on liability issuance is
introduced.
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Accordingly, the first order effect is for the bank to reduce proportionally
the holdings of both types of assets, as the appeal of bonds increases. The
substitution between the two kinds of liabilities will depend this time on a
second order effect and in many instances it may turn out to be insignificant.
Its importance depends on the segmentation of the market between the two
categories of loans and it is likely to be significant only in the case of a very
high correlation between the idiosyncratic component of the return and the
default cost for normal loans and a very low one in the case of commitment
loans.

The shock produces a second effect that goes in the opposite direction. A
negative shock reduces the cash flow of firms and has a negative impact on
their credit rating, as a consequence firms find increasingly difficult to obtain
finance in the stock market. The demand for loans goes up and the higher
demand produces an increase in the expected return on loans.?® Because of
the higher expected return the bank is willing to increase the share of loans
in its portfolio.

A third effect regards deposits. Since a negative shock reduces the cash
flow of firms, their liquidity is be reduced, and they are less willing to hold
deposits. In our model the bank chooses arbitrarily the quantity of deposits,
but we can consider this effect as an increase in the cost of firms deposits
liabilities. As firms are less willing to hold deposits the bank has to offer a
higher interest rate, or offer more valuable services. Since we are considering
the bank as being price taker, we assume that only the cost of raising deposits
rises. As the cost of the liability rises, the bank is willing to reduce the
quantity held. And the increase of the variance reinforces the effect.

We can finally consider the impact of the shock on the covariance between
deposits and loans that is clearly be positive. We have seen that the increase
in the covariance causes the quantity measured by the product of both the
asset and the liability held in the portfolio to rise. This means that this
effect of the shock will generate a tendency for the quantity of the liability to
grow more than proportionally if the quantity of the corresponding asset is
reduced or vice-versa. And this effect is stronger the stronger the correlation,
so it is stronger for firm deposits than household and for commitment loan
rather than normal ones.

20 Adopting the model with limited liabilities that includes the demand functions for
banking services, it can be proven that the effect of a variation of the intercept of the
demand equation is formally analogous to a variation of rates in the basic model, so that
the comparative static results hold still.
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The final effect depends on the relative strength of the two opposite effects
of the shock on variance and returns of loans. If the negative effect on the
return on loans prevails, the quantity of the correlated liability must rise,
and this implies, as in the case of an interest rates shock, a tendency for the
bank intermediation to increase and for strong relationships to be developed.
If, on the other hand, the positive effect on the return on loans and on the
cost of deposits prevails, banks would be willing to charge higher rates to
borrowers, in order to exploit as much as possible their market power (this
case will arise when the competition in the banking sector is limited). The
tendency would be in this case to relax the ties between banks and firms.

4.2 Geographical diversification

A more diversified portfolio benefits the bank, because it reduces the variance
at no cost on the expected returns. This is true for every mean variance
portfolio model unless different assets are perfectly correlated. Our model
shows that in the case of banks, the importance of diversification is even
higher, because the degree of concentration of the portfolio has a strong
influence on both components of the default cost, the idiosyncratic and the
interest rate. Formally the effect arises because the concentration coefficients
are quadratic while the expected returns are linear in the market share of each
asset. Since the relative impact of defaults cost on the portfolio is the main
factor affecting the profitability of banks, it is evident that diversification of
the portfolio has for bank an even higher importance than for a mutual fund,
for example.

The diversification of the portfolio that is possible to achieve, is fixed «
priori by the relevant set of assets and liabilities. But the availability of a
wide range of securities depends crucially on the technology to obtain and
process the information and on the stock of information accumulated in the
past. If relevant economies of scale are present in the information technology,
large banks might have a competitive advantage with respect to the small
ones. The technology would in this case grant the availability of a higher
degree of diversification. In this framework the dimension is relevant only to
the extent that large banks have exclusive access to certain assets (as loans
to large corporations) that are precluded to the small ones. Large banks have
a wider possibility of choice than small ones, because they can grant loans
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to large corporations.?! But a local bank that has developed across time a
strong network of personal relationships can issue loans with a risk- return
profile that is not available to the large one. Large banks have a competitive
advantage only if they are highly capitalised and at the same time they
have invested heavily in the past to establish personal relationships at the
local level. And it might be possible for diseconomies of scale to emerge
in the management of the available information. (It can be very difficult
for employees of large banking corporations that are part of a bureaucratic
system, to develop the mental attitude and the skills of the entrepreneur of
a local bank.)

The crucial aspect of the problem is represented by the availability of
alternative assets that are poorly correlated among each other. From this
point of view a major factor seems to be represented by the range of possible
geographical diversification. Different regions are in general characterised,
both in Europe and in the US, by different productive structure and differ-
ent business cycles. The extent of the possible diversification might crucially
depend on the extent of the regulatory barriers that are imposed to the loca-
tion of credit intermediaries. The empirical evidence available, as in Hughes
et alia [14] shows that a larger geographical diversification improves expected
returns and efficiency, while they report no evidence of a reduction of the in-
solvency risk of banks. The availability of a wider range of risk-return com-
binations, while is certainly beneficial for the bank, it does not necessarily
imply a reduction of the risk undertaken, as the authors stress. The equi-
librium in the new possibility frontier might in fact involve higher expected
returns and higher variance, the final outcome being dependent on the struc-
ture of preferences. Our model suggests that the availability of a wider range
of alternative assets tends to reduce the need of a close relationship between
bank and firm. Large interregional banks have a lower incentive to rely on
the information intensive relationship lending. Geographical an intertempo-
ral diversification could be both complements and substitutes. Banks that
have a large stock of internal information can benefit from both type of di-
versification. But banks that have not invested enough in the past, whose
available portfolio is of poor quality, can choose only to diversify geographi-
cally as much as they can and to use different types of securities. Bonds, and
even junk bonds that other bank would never hold, might provide a cheap
(and risky) instrument to increase the geographical diversification of these

2lLines of credit for very large sums are too risky for small, less capitalised, banks.
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banks. The existence of market power that is confirmed by most empirical
works, allows the banks two possible sets of action. They can rely on the
relationships, smoothing real shocks in order to get higher average intertem-
poral returns and especially lower risk. This is the only choice available to
the small local bank. But the large bank might choose to exploit its market
power in order to charge higher rates to liquidity constrained firms. This
choice might become more profitable the larger the possibility of diversifica-
tion of the portfolio, since the higher diversification reduces the variance due
to default cost and idiosyncratic shocks. Larger banks might choose to cre-
ate an internal capital market in order to exploit the continuous variations of
the risk-return profile of assets of different regions.?> This choice might allow
them to exploit their market power to extract all the rents in the different
local markets.

The model with limits on liability issuance shows that a crucial role is
played by the coeflicient k£ that determines the share of loans issued by the
bank that feedback in its own deposits. The higher k£ the higher would be
the correlation between loans and firms and accordingly the importance for
banks to rely on deposits as their main source of liabilities. The value of
k depends on different technological and institutional factors, but a crucial
role is played by the market power. In the case of monopoly its value would
tend to 1, implying a strong role for liabilities to hedge against the variance
of loans, as the correlation would be very high. For this reason, in the
case of a merger between two regional banks, the higher the value of %, the
lower is the incentive for the merged bank, to concentrate the liabilities in
one region and the assets in another. This analysis shows that the effect of
market power is dual, because it gives banks the possibility to exploit liquidity
constrained firms, but, on the other hand, it increases the benefits from a
close relationships with the borrower, since through relationship lending firm
deposits might hedge the portfolio against the volatility of loans.

5 Conclusion

The main result of this work was to show that the optimal portfolio allocation
of banks is affected by monetary and real shocks in a significantly different
way. Interest rate shocks tend to push bank towards more informational

22Houston and James [11] showed that this is an empirically relevant phenomenon in
the US.

26



intensive assets, such as commitment loans, strengthening the relationship
between bank and firm. This effect is likely affect all kinds of banks, as long
as the increase in the rates charged causes default costs to increase.

The reaction to real shocks that bank perceives as credit risk shocks, de-
pends on the relative strength of two effects that work in opposite directions.
A closer relationship is the optimal response only if the increase in default cost
induced by the shock is larger than the benefit that the bank derives from an
increased demand for loans. Small banks that rely more heavily on deposits
as their main source of finance are, in general, more willing to smooth credit
shocks. Our model shows that this kind of behaviour implies that the impact
of the shock on default cost is heavier than the benefits due to the increased
demand for loans. This is likely to be the case for small banks. First of all
they face a limit to the possibility of diversification of their loans portfolio,
caused by the small size itself. Besides, since they traditionally rely more
heavily on information intensive relationship lending, because they specialise
in the evaluation of local economic conditions, it is unlikely that they can
exploit their market power in order to charge firms more heavily when they
are hit by the shocks. It is more likely that the eventual existence of market
power will be used in order to compensate in normal times the reduction in
earnings caused by the smoothing of the negative shocks. Benefits from an
increased demand for loans might often overcome higher default cost in the
case of large banks. Thanks to the higher diversification of their portfolio,
they need less to rely on inside information and they can promptly react to
shocks, exploiting their market power in order to maximise their expected
returns, being less worried by the volatility of the portfolio.

The possibility of a geographical diversification of the portfolio is certainly
beneficial for any bank. But this work highlights the possibility of a trade
off between intertemporal smoothing of real shocks and efficient allocation
of capital, whose impact on regional and local economies should worry the
regulatory authorities of the credit market. In particular it seems to suggest
the need of a policy of free entry for new local banks, whenever processes of
concentration among local and regional banks take place.
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6 Appendix

6.1 Appendix I: Limits on liability issuance.

The main problem in the application of the basic model is that banks would
be willing to expand the amount of liabilities ad infinitum. They could in
fact always increase profits buying extra liabilities and assets in the same
proportion, since the cost (return) of liabilities is always less than the return
on assets. Introducing imperfect competition in the market for loans and
deposits it is possible to introduce an endogenous limit to the dimension of
the portfolio. We adopt a model developed by Szeg6 [22] on the basis of the
work of Bertoni, Mazzoleni and Szegé [6].

The main limitation of the previous model is that interest rates were
assumed to be set exogenously and the bank was free to choose the desired
quantity of the securities it desired. This implies that no mechanism limiting
the size of loans was specified. This time we will introduce in the problem two
demand equations, for deposits and loan services. The bank is no longer price
taker in the market for loans and deposits and, together with the optimum
amount of securities, it sets the interest rates at the level necessary to obtain
the desired quantity. Modifying the demand equations we will obtain two
equations that define a mapping from the choice of the quantity to the choice
of the rates.

The key feature of this section is represented by a peculiar difference
among household’s deposits and firm deposits. In the former model we did
not take into account an important phenomenon, the feedback of loans in
deposits or the autogenesis of deposits through the granting of loans. The
importance of this phenomenon is normally recognised mainly at the macroe-
conomic level, while it is considered in few microeconomic works on bank-
ing.?* In a portfolio problem of the bank, the autogenesis of deposits has
been considered by Szeg6 [22], and we will adopt his formulation even if our
formulation is marginally different. The main feature of his model is the in-
troduction of two demand equations for deposit and loan services on part of
households and firms, in order to determine a cost function that is increasing
with the quantities of the securities held.?* The two equations are linked by

23The microeconomic determinants of the feedback have been considered only by Brun-
ner [7] that studied the supply of funds of the bank in relation with its ”available reserves”.
%4In this section we will consider demand for loans and deposit services on part of
households and firms and the bank as supplier of those services. When congidering the
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the parameter £, the multiplier connecting deposits to loans, and it is pecu-
liar of every bank. We will follow Szegd’s formulation of the portfolio model,
and our model will be different only for a small variation in the notation.
His formulation of the cost of deposits depends positively on the factor 1 — &
times the quantity of loans, where the factor k£ is a drain coefficient. The
coefficient represents the share of every pound lent by the bank that does
not return in the bank in the form of deposits. We introduce a factor £ that
is exactly equal to Szegd’s 1 — k, and it represents that share of every pound
lent that comes back as a deposit in the liability side of the balance sheet of
the bank.

On the basis of our description of the market for firms deposits, based on
Sprenkle’s work, we need to assume that the cost of deposits is negatively
affected by the quantity of loans and the value of k. The reason is that in the
feedback process loans generate the demand of deposits; the increase in the
quantity of deposit liabilities in banks balance sheets will not be acquired
increasing the interest rate that the bank is willing to pay, because loans
generate liquidity for the firms that they will be willing to deposit. As a
consequence the cost of deposits will be reduced by the supply of loans of
the bank. With a high enough £ the bank can possibly substitute entirely
the households deposit component, pushing the interest rate down to zero.
The magnitude of the multiplier depends on both institutional factors and
market conditions. The main ones are probably market concentration (k is
higher as the market is less competitive), the velocity of circulation of money
(the more "dynamic” the area in which the bank operates, the lower k is)
and the degree of openness of the region in which the bank operates (the
more closed the economy of the region is, the higher k).

The demand equations for loans and deposits are:

rg = H +ayry+ kx; + qq, (40)
7 =K —asr;+ q. (41)
Where ¢, and gare error terms that we will assume to be white noise. The

following inverse demand functions show the relation between the rates that
bank charges and the estimated level of demand.

1
)= CTQ(K — 21+ q), (42)

entire portfolio of the bank though, we will continue to consider the supply of deposit and
loan services of the bank as a demand for the particular classes of securities represented
by loans and deposits.
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and .
r, = a_(_H + x4 — kx;— qq)- (43)

1
In order to obtain the desired levels of the security, z, we can now define the
rates that the bank has to apply as differences between the expected value
of the interest rate necessary to obtain the desired quantity and the initial

value of the rate. .
fr=——ux. 44
T @ Ty, (44)

and .
f{i = —(ZL‘d - ]{JZL’Z) (45)
a1
The error terms g4 and ¢; are assumed to have zero mean, but their variance
is not zero. Equation (44) shows the effect of k£ on expected returns gross of
loan and deposit costs. As its value increases, the cost of deposits decreases.
When its value is not 0, the cost of deposits is decreasing as well in the
quantity of loans. But the value of k is one of the main factors determining
the degree of correlation between loans returns and deposits costs that this
time is not linked just through the costs component, but through the interest
rates component too. The covariance of loans and deposits increases with k.
Formally the equations (44 and 45) give a second cost component that has
to be added in the vector of returns of the assets.

Interest rates and interest cost are correlated because of the coefficients
of the demand functions (44 and 45), which we assume to be constant. Loan
interest costs and general loan cost might be assumed to be uncorrelated.
Deposit interest cost and loan cost are correlated, because of the presence
of the quantity of loans in the demand for deposits. A higher loan cost
reduces the willingness of the bank to supply loan services, reducing the
holding of the "loan” asset; a reduced quantity of loans increases the cost
of deposits. For a higher value of k, the effect of the costs of loans (both
the cost we defined in the previous section and the interest cost) is stronger;
the correlation is a linear function of £. Deposits general costs and deposit
interest costs are not linked in an obvious way so we do not consider this
eventuality. Holding the assumption of independence between bonds, money
market, and banking services, the matrix of variance and covariance has the
same structure than the former. The main difference with respect to the
previous case is the presence of an additional variance term, the variance of
interest rate cost that depends on the quantities chosen. Quantities are not

30



stochastic variables in themselves, as they are chosen by the bank. But since
the bank has to make an estimate of the quantities demanded, the error of
the estimation produces the variance of the cost. It is important to note that
the variance of the interest cost of deposits ¢4 depends through % from the
variance of interest cost of loans.

= —asf; + K + q, (46)

and

1
7= a[—H + x4 + k(—as7 + K + q) — q4), (47)

the variance of r] is not null because demand is estimated with an error:

oy = Var| ()] = (—)2E(q?). (18)

a2 a2

As the variance of loans interest cost increases, the variance of deposits in-
terest costs goes up.

1 -
o = Var{a—l[/f(—aﬂ; + @) — q4)} =

(. VLBl + K Elg?) — 2kE(allaa)} ) (49
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