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Abstract
We propose a coevolutionary model linking epidemic dynamics to the strategic choices

of agents, in response to decisions by a central regulator. The epidemic is represented by
a discrete-time SIS model, with the infection rate endogenously determined by agent strate-
gies. In particular, cooperative and non-cooperative behaviors correspond to low and high
infection rates, respectively, and the overall rate is a weighted average based on the popula-
tion shares adopting each strategy. These shares change with time through an evolutionary
selection mechanism, whose fitness measure depends on the epidemic trajectory relative to
the agent perceived alert threshold, above which the epidemic situation is considered risky by
agents. The regulator influences the alert level based on an ideal target number of infections.
The resulting model consists in a three-dimensional discrete-time system, describing the evo-
lution of the epidemiological sector, of the share updating rule and of the alert threshold. We
study the resulting interplay both from a static perspective, focusing in particular on the nature
of the strategic interaction at both endemic and disease-free steady states, as well as in regard
to dynamical features, taking into account out-of-equilibrium trajectories and investigating the
possible emergence of multistability phenomena.

Keywords: Epidemiological model; Evolutionary game; Stability; Coexistence; Off-equilibrium
dynamics.
JEL Classification: I18, C73, D83, C62

1 Introduction
Since the beginning of the twentieth century, the world has experienced several pandemic events
of different nature, duration, and magnitude. We can mention the influenza pandemics, such as
the Spanish flu (1918–1920), the Asian flu (1957–1958), and the Hong Kong flu (1968–1969),
as well as the AIDS pandemic (beginning in 1981) and the COVID-19 pandemic (2019–2023).
However, the latter was the first case in which non pharmaceutical measures to contain the spread
of the epidemics, such as lockdowns and social distancing, were introduced on a global scale, es-
pecially in the initial phases.1 Even though these measures were meant to slow down the spread

1We refer e.g. to [1] for considerations about the initial implemented non pharmaceutical interventions and their
effectiveness.

1



of infection and prevent healthcare systems from collapsing, they still faced problems and criti-
cism. The economies of many countries were severely strained by lockdowns, with production
activities and raw material supply being halted. The mandates that were imposed on populations
were not always received with a positive response because of the restrictions on personal freedom
they imposed and due to the uncertainties surrounding their actual effectiveness and potential
risks (see e.g. [2] for a survey and discussion on social and economic costs). Medical and phar-
maceutical research enabled the development of vaccines, which gradually and partially replaced
non-pharmaceutical containment and prevention measures. However, even the vaccination cam-
paigns promoted were not always welcomed favorably, as they were accompanied by perplexity
or misinformation about the efficacy of the vaccines, leading to “vaccine-hesitancy” ([3]). As
stressed in the conclusions of the work by the Lancet commission ([4]), the fundamental pillars
for effectively countering a pandemic outbreak (prevention, containment, health services, equity
in protecting the most vulnerable individuals, global innovations and their spread) can only be
effective within a sufficiently prosocial framework. Such a framework requires both government
policies oriented towards the society, and personal willingness to adopt behaviors that reduce the
risk of fostering contagion (wearing masks, adhering to isolation when ill, maintaining adequate
social distancing, getting vaccinated). The committee’s work highlights that the emergence of
prosocial behavior is particularly challenging in contexts where choices are shaped by strategic
interactions among agents. The rise of non-cooperative, self-interested behavior reduces the ef-
fectiveness of the implemented measures and ultimately undermines collective well-being.

Several strands of theoretical research that developed in the aftermath of the pandemic out-
break have focused on combining epidemiological aspects with economic and social ones, rec-
ognizing from the very beginning the need for an integrated approach to address the problem. In
this regard, we can mention the review study [5], which highlights how the common approach
in the literature examining the effect of strategic interactions in epidemiological contexts relies
on models that integrate classic compartmental frameworks with decision models. The former
ones range from the simple Susceptible-Infected-Susceptible setting introduced in [6] to more
elaborated ones (e.g. the susceptible-exposed-infectious-removed SEIR model in [7] and the
susceptible-asymptomatic-infectious-unreported symptomatic-isolated-recovered SAIUGR set-
ting proposed in [8]), and aim to model the epidemic dynamical evolution by encompassing
simple rules describing the interaction among different states. The coupling of compartmen-
tal models with decision-making frameworks has the goal to incorporate human involvement
into the biological dynamics of epidemic spread, accounting for both regulatory interventions
and the behavioral choices of individuals. In line with the conclusions of the Lancet Commis-
sion, we focus on approaches that describe such decision processes through strategic interactions
among agents, grounded in a game-theoretic framework [5, 9–11]. Given the very large num-
ber of agents typically involved, game-theoretic settings that include an evolutionary selection
mechanism are of particular relevance. In this respect, we can mention [12], in which a suscepti-
ble–exposed–quarantined–infected–hospitalized–recovered (SEQIHR) epidemiological model is
affected by the dynamics arising from a behavioral evolutionary game. The agents can adhere
or not to a stay-at-home order depending on the fitness measures related to the perceived payoff
of compliance and of the risk of becoming infected through non-compliance. In particular, such
risk for the agents when choosing to be non-compliant is weighed against the cost they must bear
in implementing a stay-at-home strategy. The model also takes into account the possibility for
the government to ease this burden through spending on social programmes. Similarly, in [13],
far-sighted agents learn, based on a perturbed best reply mechanism, through an evolutionary
process which strategy to choose among vaccination, testing and social activity. In [14] the evo-
lution of the disease is described by a continuous-time SIR model, in which the switching rates
between compartments depend on the agents choice to either support or disregard the govern-
ment response. The probability of switching between two behaviors is described in terms of an
evolutionary game. Further developments on the interplay between compartmental dynamics and
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evolutionarily selected decision processes can also be found in [15, 16].
The key feature of game-theoretic approaches, and in particular of those grounded on evo-

lutionary theory, is that they describe the epidemiological–social dynamics as a coevolutionary
process ([17]), in which strategic choices influence the course of the epidemic, while the epidemic
itself induces changes in the behavior of the agents.
The contribution we propose falls within this framework and takes inspiration from [18], whose
model consists of a three-dimensional system of ordinary differential equations. Madeo and Mo-
cenni showed the possible transitory alternating phases of epidemic peaks and low infection lev-
els, fostered by the interaction between the human behavior and the disease spread. In particular,
the model in [18] consists of a continuous-time susceptible-infected-recovered-susceptible (SIRS)
model coupled with replicator dynamics in which the agents choose between complying or not
with the rules imposed by a regulator. The payoff corresponding to each strategy depends on
the level of the epidemic spread compared to a critical value. This threshold represents the in-
fection level beyond which the epidemic situation is perceived as dangerous, whereas infection
rates below it are interpreted as indicating that the outbreak is under control. It is important to
remark that the emergence of such a threshold is implicitly shaped by two main factors. The first,
emphasized in [18], concerns the policy-maker’s objectives, since the threshold acts as a crucial
tool for regulatory interventions. In particular, the regulator may affect its level through targeted
information campaigns aimed at conveying the actual risks associated with the ongoing public
health crisis. The second element relates to how these campaigns are received by the population,
so that the threshold ultimately reflects the way the regulator’s intentions are interpreted and as-
similated by individuals. In the present contribution, we seek to make the process leading to the
threshold emergence more explicit by introducing a separate description of these two factors and
making the threshold determination endogenous through an adaptive process. In particular the
regulator, whose institutional role covers epidemiological and economic matters as well as the
reporting on the state of the situation in these respects, determines the alert level to be disclosed
to the population. This alert level is the implicit outcome of a trade-off between public health and
economic considerations. The population assimilates this information and adjusts its perception
of the level of risk based on the target communicated by the regulator and on the number of in-
fected individuals. Namely, for the evolution of the perceived alert threshold we will deal with a
smooth adaptive mechanism, depending on the current alert level and on the comparison between
the regulator’s target and the current epidemic situation. In addition to these differences with [18],
concerning the modelling of the epidemics, unlike [18] we consider a discrete-time susceptible-
infected-susceptible (SIS) setting. The infection rate, as in [18], is endogenous, since individuals
can decide to cooperate (wearing a mask, getting vaccinated, respecting social distances, etc.) or
not. In more detail, it is described as an average of the infection rates for cooperating and non-
cooperating individuals, weighted with the corresponding population shares in that period. The
share of cooperating individuals (and consequently that of defecting individuals) changes over
time, depending on the relative average payoffs of the cooperative and defecting strategies via a
discrete-time exponential replicator mechanism [19]. More precisely, in each period, the aver-
age payoffs of the two strategies are computed taking into account, in addition to the shares of
cooperating and defecting individuals, also the various outcomes of the interaction in that period
between two players randomly chosen within the population.

Considering the epidemiological sector, the share updating rule, and the dynamics of the alert
threshold jointly gives rise to a three-dimensional discrete-time dynamical system, for which both
static and dynamical investigations are conducted.
From a static perspective, we observe the emergence of multiple disease-free and endemic equi-
librium points, which are characterized in terms of the underlying strategic interactions among
agents. These equilibria arise either from non-cooperative behavior, in the prisoner’s dilemma, or

3



from cooperative behavior, in no-conflict and harmony games.2

The dynamical analysis indicates that the configuration in which the proportion of infected indi-
viduals coincides with the regulator’s target cannot always be achieved. Moreover, the specifi-
cation of target level for the epidemic can substantially shape its evolution, either stabilizing the
dynamics or inducing instability. The resulting stability properties depend both on structural con-
ditions intrinsic to each individual sector and on factors arising from the interplay between policy
interventions and behavioral responses of the population. In particular, endogenous periodic or
chaotic instabilities within the epidemiological domain can induce erratic dynamics in strategic
decision-making and behavioral responses. However, these instabilities can be attenuated or fully
suppressed through the implementation of appropriately designed regulatory policies. Similarly,
the communication of the regulator’s decisions and their subsequent assimilation by the popula-
tion can significantly modify the course of the epidemic, potentially giving rise to quasi-periodic
dynamics and recurrent epidemic waves. Therefore, the design of an effective policy must take
into account the dynamical richness of the system, which can also be expressed through multi-
stability phenomena, possibly associated with different levels of dynamical complexity, and the
consequent path dependence of the resulting outcomes.

The remainder of the manuscript is organized as follows. We introduce the model in Section
2 and we study it from static and dynamical perspectives in Section 3. Numerical simulations
are reported in Section 4. Section 5 concludes the work and outlines some possible directions for
future research. All proofs are gathered in the Appendix.

2 The model
The model we consider takes inspiration from that proposed in [18]. Dynamics evolve at a
discrete-time t = 0, 1, . . . scale. A constant size population of agents, during an epidemic out-
break, can decide to cooperate with health authority (e.g. to comply with their directives con-
cerning wearing a mask, getting vaccinated, respecting social distances, etc.) or not to cooperate.
At each time t the population is then divided into two groups, respectively of cooperating agents,
corresponding to a variable share ωt of the whole population, and of not cooperating agents,
whose share is then 1 − ωt. Agents make their choices in an evolutionary strategic setting, in
which the payoff of each choice is also influenced by the share θt of infected agents that is per-
ceived as a suitable one for the epidemiological situation, being neither too high, due to the risks
connected to health, nor too low, given the economic and personal costs, related to freedom limi-
tation, needed to maintain it. Variable θt is affected by a target alert threshold of epidemic spread
established by a policy-maker.

In what follows, we describe each model component, highlighting the differences with the
setting considered in [18]. We stress that, unlike the model we are going to present, the one
studied in [18] was defined on a continuous-time scale.

The epidemiological dynamics
The epidemic outbreak is described by a discrete time SIS model3 (see e.g. [21]){

St+1 = St + γIt − αt
It
N St

It+1 = It + αt
It
N St − γIt

(1)

which, given a population composed of N individuals, describes the evolution of the number of
susceptible St and infected It individuals, respectively. In (1) parameter γ ∈ (0, 1] represents

2See e.g. [20].
3In [18] the epidemiological dynamics are instead described by a SIRS model.
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the recovery rate, while αt is the infection rate at time t, which, differently from the classic SIS
model, is endogenized and evolves over time.
Assuming that St + It = N for every t ∈ N, the above system reduces to

it+1 = it(1− γ + (1− it)αt), (2)

with it =
It
N for every t ∈ N.

In addition to the intrinsic epidemic features, the infection rate αt is determined by the agent
behavior. In particular, we suppose that the cooperating (in what follows identified by subscript
C) and non-cooperating (NC) behaviors are respectively associated with infection rates αC and
αNC . Due to the more prudent behavior of cooperators, we assume that 0 < αC < αNC .

If we identify non-cooperating agents with those refraining from any available measure to
prevent the spread of infection, we can infer that αNC essentially corresponds to the intrinsic
transmissibility level of the disease, namely to the contact rate in the absence of containment
policies. Conversely, if cooperating agents are assumed to adopt all recommended and available
mitigation measures, the gap between αC and αNC reflects the effectiveness and strength of the
regulator interventions aimed to limit transmission. This means that, when αC is substantially
lower than αNC , we are in a scenario in which the prevention and containment tools introduced
are very effective, whereas the closer αC is to αNC the weaker the underlying public-health
control mechanism is.

On the whole, in every time period, αt in (2) is obtained as an average of the infection rates
for cooperating and not cooperating individuals, weighted with the corresponding shares in that
period, and hence it results

αt = ωtαC + (1− ωt)αNC = αNC − ωt(αNC − αC). (3)

Note that if all the agents were cooperating (respectively, non-cooperating), we would have ωt =
1 (respectively, 1−ωt = 1, namely ωt = 0) and hence the infection rate would coincide with αC

(respectively, with αNC). Consequently, equation (2) becomes

it+1 = it[1− γ + (1− it)(αNC − ωt(αNC − αC))]. (4)

The evolutionary game
In every time period, the decision of individuals to cooperate or not is based on a comparison
between the payoffs of the two strategies. In more detail, similarly to [18], the outcome of the
interaction at time t between two players randomly chosen within the population for us is de-
scribed by the payoff matrix in Table 1. Specifically, following [18], T represents the temptation

C NC

C 1, 1 St,Tt

NC Tt, St 0, 0

Table 1: Payoff matrix

to defect, while S is the “sucker’s payoff”, embodying the fear to be betrayed by others.

Since it is always preferable for a player, independently of his/her strategy, to interact with a
cooperating individual, for every t we assume

St < 1 and Tt > 0. (5)
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Calling ΠC,t (respectively, ΠNC,t) the average payoff of cooperating (respectively, defecting)
individuals at time t, it holds that

ΠC,t = ωt + (1− ωt)St, ΠNC,t = ωtTt.

Depending on the relative average payoffs of the cooperative and defecting strategies, the agents
can update over time the strategy they want to adopt, or stick to the strategy they adopted in the
previous period. This updating mechanism is described by a classic exponential replicator rule4

[19, page 79]

ωt+1 = M3(it, θt, ωt) =
ωeβΠC,t

ωeβΠC,t + (1− ω)eβΠNC,t
=

ωt

ωt + (1− ωt)eβ(ΠNC,t−ΠC,t)
. (6)

where β > 0 is the intensity of choice parameter of the switching mechanism.
Observe that M3(it, θt, 0) = 0 and M3(it, θt, 1) = 1 for all values of it and θt. Consequently,

homogeneous populations consisting exclusively of cooperating agents or exclusively of non-
cooperating agents invariably constitute steady states of the evolutionary dynamics, in accordance
with the imitative component embedded within the replicator mechanism.

We note that if the average payoffs of the two strategies coincide, each agent does not change
the previous period strategy. The limit case of a null intensity of choice corresponds to a similar
situation in which each agent does not modify the initial strategy, independently of the payoffs.
Conversely, as β raises, the strategy with the highest average payoff is chosen by an increasingly
large share of agents. In the limit case of β → +∞, if ΠNC,t > ΠC,t all the agents choose NC
strategy, while all the agents adopt C strategy when ΠNC,t < ΠC,t.

As concerns the ruling quantities Tt and St, similar to [18], we assume that they vary in
time depending on the perception by individuals of the strength of the infection, which can be
measured by the number or share of infected individuals. Specifically, in the continuous-time
setting in [18], Tt and St are defined, except for a slightly different notation, as follows

Tt = 1− τ0(It − θ̃), St = −σ0(It − θ̃), (7)

where σ0 < 0 < τ0 and θ̃ ∈ (0, N) are exogenous parameters. In particular, σ0 and τ0 are
reactivity parameters, while θ̃ represents an appropriate level of infected agents and thus, it corre-
sponds to the perceived alert threshold. When It exceeds θ̃, the agents believe that the epidemic
situation is risky, related e.g. to the severity of the disease. This also implies that a low value for θ̃
means that the agents evaluate the epidemic spread as worrying even for small shares of infected
population. Conversely, a large θ̃ depicts a situation in which the agents believe that the health
situation is under control even for large values of It.

Recalling that it = It
N , setting τ := τ0N, σ := σ0N and θ := θ̃

N , we can rewrite Tt and St
in (7) as

Tt = 1− τ(it − θ), St = −σ(it − θ), (8)

so that they now depend on it rather than on It.
Instead of taking θ as exogenous like in [18], we consider it as an endogenous time-varying
variable, still describing the perceived alert threshold, above which the epidemic situation is con-
sidered risky by agents. Accordingly, rather than with Tt and St as in (8), we will deal with

Tt = 1− τ(it − θt), St = −σ(it − θt), (9)

without changing notation for the ruling quantities, for simplicity’s sake. Still for simplicity, we
stick to a linear formulation for Tt and St, with Tt being decreasing with it − θt, and St being

4We recall that in [18] the shares of cooperating and defecting individuals evolve according to a continuous time
replicator rule (cf. [22]), in which the average payoffs of the two strategies are contrasted with the average payoff of the
whole population.
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St < 0 < 1 < Tt

C NC

C 1, 1 −0.2, 1.2

NC 1.2,−0.2 0, 0

Table 2: Prisoner’s dilemma

increasing with it − θt, quantity which can be taken as a measure of the perceived epidemics
severity, given the perceived alert threshold θt. Namely, focusing on Tt, i.e., on the temptation to
defect, it falls when the epidemic situation is considered more risky, that is, with a raise in it−θt.
In particular, the worst possible scenario in terms of cooperation is when defecting looks very
convenient, i.e., when St < 0 < 1 < Tt, and the game corresponds to the prisoner’s dilemma,
where (NC,NC) is the unique Nash equilibrium. In order to make steady states feasible (i.e.,
respecting (5)) and to avoid overreaction phenomena, we assume |σ|, τ ∈ (0, 1). Under such
assumptions, in addition to the prisoner’s dilemma game, the ranking between St and 0, as well
as the one between Tt and 1, give rise just to other two types of games, in both of which St and Tt

belong to the interval (0, 1). In particular, if 0 < St < Tt < 1 the no-conflict game arises, while
if 0 < Tt < St < 1 the harmony game emerges. Despite the different ranking between St and
Tt, the two games display non-conflictual outcomes, having (C,C) as unique Nash equilibrium,
since the difference between St and Tt is not excessive. Indeed, both the no-conflict game and the
harmony game are characterized by a loss associated with defection. However, in the no-conflict
game such loss (both passing from CC to CD, and from CD to DD, as well as in the symmetrical
situations) is smaller than in the harmony game. Hence, the no-conflict game is characterized by
a weaker push toward cooperation than the harmony game.
In Tables 2-4 we report an example for each possible situation.5

The evolution of the perceived alert threshold
We assume that at each time period the agents adapt their perceived alert threshold θ based on
their current perceived alert threshold and the discrepancy between a target infection level iR,
communicated by the regulator, and the current infection level, it. The regulator intervention has
the aim of maintaining the spread of the epidemic at a certain level, and this is encompassed in
the target share of infected individuals iR. The choice of iR arises from a (not explicitly modeled)
trade-off between public health and economic considerations by the regulator. We just say that,
for example, in the presence of a disease that is not particularly alarming, iR may be chosen

5Dots represent strategies, with the red one denoting the Nash equilibrium. Solid lines link alternatives available to a
row player given the choice of the column one, while dashed lines link alternatives available to a column player given the
choice of the row one. Arrows point toward the preferred choice between a couple; in any case, a column player always
prefers the strategy characterized by the highest point, while a row player always prefers the strategy characterized by the
rightmost point. For more details about representing 2× 2 games, we refer to [20].
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0 < St < Tt < 1

C NC

C 1, 1 0.2, 0.8

NC 0.8, 0.2 0, 0

Table 3: No-conflict game

0 < Tt < St < 1

C NC

C 1, 1 0.8, 0.2

NC 0.2, 0.8 0, 0

Table 4: Harmony game

appropriately large, while to keep under control a potentially deadly or pandemic spread a low
level of infected people may be necessary.

More precisely, as regards the dependence of θt+1 on iR − it, for θt ∈ (0, 1), we need
that θt+1 is larger than θt, implying a more relaxed mood within the population, if and only
if it is not too high, lying below the target iR of the regulator. Namely, when the situation is
not considered critical (iR > it), the regulator has no reason to maintain heightened vigilance.
Consequently, the communication effort on the population is relaxed, leading to a higher level of
infection perceived as critical. On the other hand, when iR < it, the actual epidemic situation
is worse than that described by the target, and therefore the regulator aims at increasing the level
of vigilance among the population, and this decreases θt. In contrast, θt does not change when
iR = it. However, note that the effect exerted by the sign of iR − it vanishes for θt = 0 when
iR − it < 0, which means that even if the epidemiological situation would lead to a decrease
of the alert threshold, the latter being already the one encompassing the highest alert level, it
cannot further decrease, and thus θt+1 = 0. A symmetric situation occurs for θt = 1 when
iR − it > 0. In this case, even if the current situation is better than that aimed at by the regulator,
the alert level is the minimum possible and the alert threshold cannot increase, so that θt+1 = 1.
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We stress that θt+1, in addition to being influenced by the objective of the regulator, is also
affected by the communication channels used and by the population’s reception of the conveyed
information. In more detail, as concerns the dependence of θt+1 on θt, we emphasize that, since
the perceived alert threshold lies in [0, 1], its scope for variation must shrink as θt approaches the
interval boundaries. Namely, on the one hand, as θt increases, the potential for further upward
adjustments diminishes; in the limiting case θt = 1, the perceived alert threshold can remain
constant or decrease, but cannot increase further. In contrast, as θt decreases, the room for further
downward adjustments diminishes; in the limiting case θt = 0, the perceived alert threshold can
only remain constant or increase.

Such an adaptive mechanism can be modelled as

θt+1 = M2(it, θt, ωt) = θt + F2(θt, ρ(iR − it)), (10)

where ρ > 0 is a reactivity parameter. Note that the evolution of θ depends only on the previous
perceived alert threshold and on the comparison between the regulator’s target and the current
epidemiological situation, without directly depending on the distribution of strategies.

To define a function F2 that encapsulates the desired behavior while preserving a smooth
reaction of the agents to the signal iR − it, we can proceed as follows. Consider a smooth,
strictly increasing function f0 : [0, 1] → [0, 1], z 7→ f0(z), such that f0(0) = 0, f0(1) = 1 and
f ′
0(0) = f ′

0(1) = 0, and let us introduce

F2(θ, z) =


−θ z < −f−1

0 (θ)

f0(z + f−1
0 (θ))− θ z ∈ [−f−1

0 (θ), 1− f−1
0 (θ)]

1− θ z > 1− f−1
0 (θ)

(11)

For example, it is possible to choose

f0(z) = 4z2
(
1− z

2

)2

, (12)

so that f0(z) = θ provides

f−1
0 (θ) = 1−

√
1−

√
θ , (13)

and thus

F2(θ, z) =


−θ z < −1 +

√
1−

√
θ((

z −
√

1−
√
θ
)2

− 1

)2

− θ z ∈
[
−1 +

√
1−

√
θ,
√
1−

√
θ
]

1− θ z >
√
1−

√
θ

(14)

for which we have the function whose graph is reported in Figure 1. Note that, thanks to the
smoothness of (14), the reaction to z = ρ(iR − it) vanishes as it approaches the values −1 +√
1−

√
θ and

√
1−

√
θ, that is, when θ + F2(θ, z) is close to 0 and 1, respectively. We stress

that the preceding example may appear somewhat contrived. However, mathematically simpler
alternatives would either fail to represent a smooth adjustment of agents to signal iR − it (as it
would be the case, for instance, with a linear function interpolating between the two constant
segments), or would generate lock-in states from which the system cannot escape. The latter
happens, for instance, with a sigmoidal specification of the form θt

(
−1 + 1

θt+(1−θt)e−ρ(iR−it)

)
,

for which it is straightforward to verify that, when θt = 0 or θt = 1, the perceived level of alert
remains fixed and cannot change (see [23] for further details).
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Figure 1: Function F2, as defined in (14), evaluated for different values of parameter θ.

Gathering (4), (6) and (10), the model defined by M : [0, 1]3 → [0, 1]3, (it, θt, ωt) 7→
M(it, θt, ωt) where

M(it, θt, ωt) =


it+1 = M1(it, θt, ωt) = it[1− γ + (1− it)(αNC − (αNC − αC)ωt)]

θt+1 = M2(it, θt, ωt) = θt + F2(θt, ρ(iR − it))

ωt+1 = M3(it, θt, ωt) =
ωt

ωt + (1− ωt)eβ(it−θt)(σ−ωt(τ+σ))

(15)
in which F2 must be replaced by the expression in (14), in which we recall that γ, ρ, β are
positive parameters, 0 < αC < αNC , iR ∈ (0, 1) and −1 < σ < 0 < τ < 1. More precisely, in
agreement with [21], we assume γ ≤ 1 and

αC , αNC ∈
(
0, (1 +

√
γ)

2
)
, (16)

so that also αt ∈
(
0,
(
1 +

√
γ
)2)

, conditions under which the positivity of the trajectories is
guaranteed. We will consider them starting from Subsection 3.2, in the steady state stability
investigation.

3 Mathematical analysis
In this section, we focus on the analysis of the model, first from a static perspective (in Subsection
3.1) and subsequently from a dynamical one (in Subsection 3.2). As a benchmark for comparison,
we consider the classic SIS model which, recalling, for instance [21], admits two equilibrium
points: an endemic equilibrium given by

i∗ = 1− γ

α
,

which exists whenever γ < α, and a disease-free equilibrium

i∗0 = 0,

which exists for all parameter values. In analogy with this, we separately study steady states of
(15) characterized by a null or positive level of infected agents, addressing them as disease-free
or endemic steady states.
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3.1 Static analysis
We investigate possible steady states of model (15), focusing on disease-free steady states in
Proposition 1 and on endemic ones in Proposition 2.

Proposition 1. The steady states (i∗, θ∗, ω∗) of (15) characterized by i∗ = 0 are those listed in
the following table.

Disease-free steady states
ξ∗df = (0, 1, 0)

(0, 1, 1)

According to Proposition 1, differently from the classic SIS model, System (15) does not
exhibit a unique disease-free steady state, even if we disclose in advance that the only potentially
stable one is ξ∗df , while (0, 1, 1) is always unstable. Note that ξ∗df consists of a population of non-
cooperating agents with a null concern of the epidemic, which is quite predictable and natural
since no disease is present.

Proposition 2. The steady states (i∗, θ∗, ω∗) of (15) characterized by i∗ > 0 are those listed in
the following table.

Endemic steady state Existence condition

ξ∗R =

(
iR, iR,

αNC− γ
1−iR

αNC−αC

)
(1− iR)αC < γ < (1− iR)αNC

ξ∗C =
(
1− γ

αC
, 0, 1

)
γ < (1− iR)αC

ξ∗NC =
(
1− γ

αNC
, 1, 0

)
(1− iR)αNC < γ < αNC(

1− γ
αC

, 1, 1
)

(1− iR)αC < γ < αC(
1− γ

αNC
, 0, 0

)
γ < (1− iR)αNC

ξ̃
∗
C = (iR, θ, 1), ∀θ ∈ [0, 1]

{
γ < αC

iR = 1− γ
αC

ξ̃
∗
NC = (iR, θ, 0), ∀θ ∈ [0, 1]

{
γ < αNC

iR = 1− γ
αNC

Concerning endemic situations too, differently from the isolated SIS model, System (15)
exhibits several endemic steady states by Proposition 2.
In particular, steady state ξ∗R is characterized by an epidemic spread that coincides with the goal
of the regulator, and the perceived threshold of alert exactly mirrors that encompassed in the
regulator target. Recalling that an endemic steady state of the SIS model must fulfill condition
i∗ = 1 − γ

α , it is immediate to see that γ
1−iR

is the contact rate that realizes such an identity for
i∗ = iR. As a further confirmation of this, it is possible to verify that the steady state distribution

of shares, with ω∗ = ω∗
R :=

αNC− γ
1−iR

αNC−αC
, is such that the resulting average contact rate (3)

is γ
1−iR

. The existence condition for ξ∗R is then evident. Namely, i∗ = iR can be achieved
only if the distribution of shares allows for a contact rate γ

1−iR
, which is possible only if it lies

between the contact rates characterizing the two extremal homogeneous populations consisting
just of cooperating or of non-cooperating agents. We stress that ξ∗R is the only state in which
the population contains both cooperating and non-cooperating agents. As recalled in Section 2,
ω = 0 and ω = 1 are steady states as a consequence of the replicator evolutionary dynamics,
in addition to any configuration in which cooperating and non-cooperating agents earn the same
profit, which is precisely the case at ξ∗R.
The next two steady states ξ∗C and ξ∗NC respectively correspond to equilibria characterized by a
homogeneous population, either of cooperators or of non-cooperators, with a share of infected
individuals consistent with the respective contact rate αC or αNC .
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Carrying on the overview of the endemic steady states,
(
1− γ

αC
, 1, 1

)
and

(
1− γ

αNC
, 0, 0

)
closely resemble ξ∗C and ξ∗NC , respectively, and just differ from them for the steady perceived
alert threshold. We avoided to label them since, disclosing in advance a result from the dynamical
analysis (see Proposition 6), these steady states are always unstable for model (15).

Finally, we have the two continua of steady states ξ̃
∗
C and ξ̃

∗
NC , each of which occurs for a very

particular regulator’s goal iR. The reason why endemic steady states ξ̃
∗
C = (iR, θ, 1), with iR =

1− γ
αC

, and ξ̃
∗
NC = (iR, θ, 0), with iR = 1− γ

αNC
, for all θ ∈ [0, 1] form a continuum of equilibria

characterized by “indifference” with respect to θ is understood by inspecting the drivers leading
to the formation of steady states ξ∗C , ξ∗NC , and ξ∗R. The “regulator equilibrium” ξ∗R associated
with a mixed population share ω∗ ∈ (0, 1) does not exhibit indifference with respect to θ, since
under the evolutionary replicator dynamics the coexistence of both strategies is preserved. The
payoff comparison between ΠC,t and ΠNC,t induces an internal selection pressure that modifies
the epidemiological dynamics and uniquely determines θ∗ = iR. The operative evolutionary
dynamics inhibits complete polarization, thereby ensuring that the threshold remains constrained
by persistent processes of strategic competition. Conversely, the homogeneous population steady
states ξ∗C = (1 − γ

αC
, 0, 1) and ξ∗NC = (1 − γ

αNC
, 1, 0) arise when i∗ ̸= iR, thus a nonzero

regulatory signal induces a persistent structural tension in the system. Such signal actively drives
toward a unique steady-state configuration: θ∗ = 0 (corresponding to maximum alert) when
i∗ > iR (the fully cooperative regime) and θ∗ = 1 (corresponding to minimum alert) when
i∗ < iR (the fully non-cooperative regime). The threshold value is thus identified and stabilized
by the sustained action of the regulatory pressure.

At ξ̃
∗
C and ξ̃

∗
NC , both these pushes cease to work. There is no regulatory pressure, since the

target infection level coincides exactly with the natural endemic level: iR = 1− γ
αC

(for ξ̃
∗
C)

or iR = 1− γ
αNC

(for ξ̃
∗
NC), and therefore the signal z = ρ(iR − it) induced by the regulator

vanishes (z = 0). Moreover, the population is already polarized (ω = 1 or ω = 0), so there is
no evolutionary pressure that contributes to promote values of θ by altering the evolution of the
epidemic. The system enters a region characterized by indifference with respect to θ, which is
then indeterminate. The initial perceived alert threshold is driven by the strength of the regulatory
pressure or by the evolutionary mechanism during the transient dynamics out-of-equilibrium, but
once these two drivers lose their strength, the trajectories remain close to a value of θ that actually
depends only on the initial status of the system.

In any case, the conditions required for the emergence of such steady states are so restrictive
that their practical significance is limited. Consequently, we will not undertake a detailed analysis
of them in the subsequent discussion.

Looking also at the existence conditions in Proposition 2, we stress that ξ̃
∗
C plays the role of

a transitional steady state between ξ∗C and ξ∗R as iR increases, and, symmetrically, ξ̃
∗
NC plays the

role of a transitional steady state between ξ∗R and ξ∗NC as iR increases. Indeed, in our investiga-
tions in Subsection 3.2 and, mainly, in Section 4 we will study the effect obtained by varying with
continuity iR, ρ and β, while the value of the other parameters defines the configuration under
analysis.

We analyze in Propositions 3 and 4 which kind of games can emerge at disease-free and
endemic steady states.

Proposition 3. The disease-free steady states reported in Proposition 1 lead to the following
games:

12



Disease-free
steady state

Steady state payoff matrix Steady state
game types

ξ∗df

C NC
C 1, 1 ∈ (−1, 0)× (1, 2)

NC ∈ (1, 2)× (−1, 0) 0, 0
PD

(0, 1, 1)
C NC

C 1, 1 ∈ (−1, 0)× (1, 2)
NC ∈ (1, 2)× (−1, 0) 0, 0

PD

The only game emerging at disease-free steady states is, as expected, the prisoner’s dilemma,
due to the lack of infection and the consequent convenience of defecting.

Proposition 4. The endemic steady states reported in Proposition 2 lead to the following games:
Endemic steady
state

Steady state payoff matrix Steady state
game types

ξ∗R

C NC
C 1, 1 0, 1

NC 1, 0 0, 0
PD-NoCG
(limit case)

ξ∗C

C NC
C 1, 1 ∈ (0, 1)2

NC ∈ (0, 1)2 0, 0
NoCG or HG

ξ∗NC

C NC
C 1, 1 ∈ (−1, 0)× (1, 2)

NC ∈ (1, 2)× (−1, 0) 0, 0
PD

(
1− γ

αC
, 1, 1

) C NC
C 1, 1 ∈ (−1, 0)× (1, 2)

NC ∈ (1, 2)× (−1, 0) 0, 0
PD

(
1− γ

αNC
, 0, 0

) C NC
C 1, 1 ∈ (0, 1)2

NC ∈ (0, 1)2 0, 0
NoCG or HG

ξ̃
∗
C

C NC
C 1, 1 ∈ (−1, 1)× (0, 2)

NC ∈ (0, 2)× (−1, 1) 0, 0
PD, NoCG or
HG

ξ̃
∗
NC

C NC
C 1, 1 ∈ (−1, 1)× (0, 2)

NC ∈ (0, 2)× (−1, 1) 0, 0
PD, NoCG or
HG

We focus on the first three endemic steady states, which are the most relevant. To under-
stand what happens at the steady states from a strategic point of view, we start by considering
frameworks with exogenous ruling quantities in (9), namely those in which it − θt is constant. If
it = θt, the corresponding payoff matrix is the one reported in the middle column of the first row.
In such case, any coupling between C and NC strategies is a Nash equilibrium. This means that,
in a framework without coevolution between the epidemiological situation, the perceived thresh-
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old of alert, and the strategic interaction, multiple Nash equilibria arise. It can also be shown that
every mixed strategy coupling is a Nash equilibrium.

When coevolutionary mechanisms are introduced, the conditions under which a steady state is
characterized by i∗ = θ∗ = iR require a specific distribution of strategies among agents, namely
the one for which the contact rate is γ

1−iR
, which is feasible only when ω∗ = ω∗

R. We can there-
fore say that the coevolutionary mechanism selects a unique mixed-strategy Nash equilibrium in
which strategy C (respectively, NC) is chosen with probability ω∗

R (respectively, 1− ω∗
R).

Conversely, at the steady states ξ∗C and ξ∗NC , the resulting games correspond, respectively, to a
no-conflict/harmony game (whose Nash equilibrium is (1, 1)) and to a prisoner’s dilemma (whose
Nash equilibrium is (0, 0)). In both cases, the steady state features a homogeneous population
(of cooperating agents in the former, and of non-cooperating ones in the latter). The two steady
states can thus be identified with two pure-strategy Nash equilibria.

We note that ξ∗C is feasible when γ < (1− iR)αC . In such a scenario, the perceived level of
alert is always so high (namely, the perceived threshold above which the epidemiological situa-
tion is considered risky is so low) that even if the entire population adopted the control measures
implemented by the regulator, it would not be possible to achieve i∗ = iR. In this case, the sit-
uation drives agents to adopt containment measures more and more widely, which evolutionarily
leads to the selection of a configuration characterized by cooperation.

At ξ∗NC , the opposite occurs. Since this steady state is feasible only when γ > (1− iR)αNC ,
the perceived level of alert is so low that even without the adoption of any measure by all agents
we would have i∗ < iR. Hence, a homogeneous non-cooperating behavior yields a higher average
payoff than any other distribution of strategies.

Contrasting Propositions 3 and 4, we observe that at the disease-free steady states only the
prisoner’s dilemma game emerges, while at the endemic steady states all three possible kinds
of games compatible with the expression for T and S in (9), i.e., the prisoner’s dilemma, the
no-conflict game and the harmony game, can emerge.

In particular, as remarked above, at some of the endemic steady states, different games can
arise according to the parameter values. For instance, at ξ∗C both the no-conflict game, charac-
terized by 0 < S < T < 1, and the harmony game, with 0 < T < S < 1, can emerge. Ac-
cording to the proof of Proposition 4, in the Appendix, at ξ∗C we have T = 1− τ

(
1− γ

αC

)
and

S = −σ
(
1− γ

αC

)
. Hence, T > S for 1 > (τ−σ)

(
1− γ

αC

)
or, equivalently, for τ−σ < 1

1− γ
αC

,

i.e., when the reactivity parameters are small enough in absolute value, and thus the total strategic
reactivity is sufficiently low. Indeed, we recall that both the no-conflict game and the harmony
game are characterized by a loss associated with defection. However, in the no-conflict game,
such a loss is smaller than in the harmony game, due to the reduced relevance given to the strate-
gic interaction in the former, so the incentive toward cooperation is lower in the no-conflict game
than in the harmony game. Regarding the threshold value 1

1− γ
αC

for the total strategic reactivity,

we stress that it coincides with the inverse of iC := 1 − γ
αC

, i.e., of the best endemic state, that
emerges when ω = 1, i.e., when the population is composed solely of cooperating agents. With
an increase in iC , the threshold for the total strategic reactivity τ − σ to pass from a no-conflict
game to a harmony game falls, as a worse epidemic situation stimulates cooperation.

Similarly, it is possible to explain the occurrence of the same two games at
(
1− γ

αNC
, 0, 0

)
,

where T > S occurs for τ − σ < 1
1− γ

αNC

. Note that, symmetrically with what occurs at ξ∗C , it

holds that iNC := 1 − γ
αNC

is the worst endemic state, which emerges when ω = 0, i.e., when
the population is composed solely of defecting agents.

Focusing instead on ξ̃
∗
C and ξ̃

∗
NC , in addition to the no-conflict game and the harmony game,

also the prisoner’s dilemma game, characterized by S < 0 < 1 < T, can emerge, when the epi-
demic situation is perceived as particularly safe. Namely, considering for instance ξ̃

∗
C , according
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Figure 2: For different parameter configurations, possible steady state games. PD stands for
prisoner’s dilemma, NoCG for no-conflict game and HG for harmony game.

to the proof of Proposition 4, it holds that T = 1− τ
(
1− γ

αC
− θ

)
and S = −σ

(
1− γ

αC
− θ

)
.

Thus, T can exceed 1, and symmetrically S can become negative, for high values of the alert
threshold θ.

Two possible steady state configurations, resulting from different choices of the parameters
that determine their existence and position, are shown in the plane of the possible equilibrium
values of i and θ in Figure 2.

3.2 Dynamical analysis
We start focusing on the stability of ξ∗C and ξ∗NC .

Proposition 5. Steady state ξ∗C =
(
1− γ

αC
, 0, 1

)
, which exists for γ < (1 − iR)αC , is locally

asymptotically stable for γ > αC − 2, while steady state ξ∗NC =
(
1− γ

αNC
, 1, 0

)
, which exists

for (1− iR)αNC < γ < αNC , is locally asymptotically stable for γ > αNC − 2.

The stability condition for ξ∗C (respectively, ξ∗NC) coincides with that of the endemic steady
state of an SIS model with the corresponding contact rate αC (respectively, αNC). For both ξ∗C
and ξ∗NC , neither the mechanism determining the perceived alert threshold, nor the responsiveness
of the strategy payoffs, nor their evolutionary selection has any effect on stability.

Proposition 6. Both steady states
(
1− γ

αC
, 1, 1

)
,
(
1− γ

αNC
, 0, 0

)
, when they exist, and (0, 1, 1)

are always unstable.

The steady states considered in Proposition 6 cannot be stable. From the interpretative point
of view, this is quite predictable. Let us consider for example

(
1− γ

αC
, 1, 1

)
. In such case,

the steady state population is homogeneous, and composed just by cooperating agents, even if
the steady perceived alert threshold, above which the epidemic situation is considered risky by
agents, is the highest possible, since θ∗ = 1, meaning that agents believe that the health situation
is completely under control. This is a consequence of the evolutionary selection process based
on a replicator-type mechanism: its imitative nature, in the presence of a homogeneous popula-
tion, leads to its preservation. However, any small perturbation in the population distribution that
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causes some agents to become non-cooperative, under conditions of null alert, gains an evolu-
tionary advantage and therefore tends to spread further, moving away from the initial steady-state
condition.

Proposition 7. Steady state ξ∗df = (0, 1, 0) is locally asymptotically stable for γ > αNC .

The stability condition of the unique possibly stable disease-free steady state coincides with
that of the disease-free steady state in the classic SIS model, with the recovery rate that must be
sufficiently high relative to the maximal possible contact rate. In this case the epidemic trajectory
can converge toward disease eradication, and, once it has been eradicated from the population,
further transmission is no longer possible, except in the presence of exogenous perturbations that
reintroduce the pathogen.

The next stability result deals with the continua of endemic equilibria ξ̃
∗
C and ξ̃

∗
NC . In these

situations, the analysis of the Jacobian matrix is not always sufficient, since for certain parameter
configurations the two steady states are not hyperbolic. We do not pursue a deeper stability
analysis here, but we simply specify the parameter settings for which ξ̃

∗
C and ξ̃

∗
NC are hyperbolic;

in such cases, they are unstable.

Proposition 8. Steady state ξ̃
∗
C = (iR, θ, 1), when it exists, is unstable if γ < αC − 2 or if

θ > 1− γ
αC

. Steady state ξ̃
∗
NC = (iR, θ, 0), when it exists, is unstable if γ < αNC − 2 or if

θ < 1− γ
αNC

.

We note that under the condition γ < αC − 2, both steady states ξ∗C and ξ̃
∗
C are unstable,

and a similar situation occurs for ξ∗NC and ξ̃
∗
NC when γ < αNC − 2. Moreover, recalling the

comments on Proposition 6, we emphasize that when the steady state consists of a homogeneous
population with a perceived alert level that is strongly inconsistent with the strategy adopted by
the population, the steady state is unstable.

In the last stability results, we focus on ξ∗R. In more detail, in Proposition 9 we will emphasize
the effect of ρ, while in Proposition 10 we will let the role of β emerge.

In view of the stability analysis of ξ∗R with respect to ρ, let us introduce the threshold values

β̃ :=
β iR(1− iR)A

(αNC − αC)2
> 0, (17)

where

A :=

(
αNC − γ

1− iR

)(
γ

1− iR
− αC

)[
τ

(
αNC − γ

1− iR

)
− σ

(
γ

1− iR
− αC

)]
,

(18)

ρ̃ns,j := 1−
1 + γiR

1−iR
±

√(
1 + γiR

1−iR

)2

− 4β̃

2β̃
, j = 1, 2, (19)

where ρ̃ns,1 and ρ̃ns,2 correspond to the above expression with “+” and “−” signs, respectively,

ρ̃fl := 2

(
1− 2

β̃

(
γiR

1− iR
− 2

))
, (20)

β0 :=
γ(αNC − αC)

2

(1− iR)2A
(21)

and

βδ :=

(
1 + γiR

1−iR

)2

(αNC − αC)
2

4iR(1− iR)A
,
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in which we stress that subscripts ns,j and fl identify values at which a Neimark-Sacker bifurca-
tion or a flip bifurcation are respectively possible.

Proposition 9. Let γ ≤ 1. Steady state ξ∗R, when it exists for αC < γ
1−iR

< αNC , is locally
asymptotically stable if

1. ρ ∈

0,
ρ̃ns,2

4
√
iR

(
1−

√
iR

)
 for:

iR ∈
(
0, 2

3

]
, β < β0;

iR ∈
(
0, 2

3

]
, β = β0, γ > 1−iR

iR
;

iR ∈
(
2
3 , 1

)
, β < β0, γ ≤ 2(1−iR)

iR
;

iR ∈
(
2
3 , 1

)
, β = β0,

1−iR
iR

< γ ≤ 2(1−iR)
iR

2. ρ ∈

 ρ̃ns,1

4
√
iR

(
1−

√
iR

) , ρ̃ns,2

4
√
iR

(
1−

√
iR

)
 for:

iR ∈
(
1
2 ,

2
3

]
, β ∈ (β0, βδ), γ ∈

(
1−iR
iR

, 1
]
;

iR ∈
(
2
3 , 1

)
, β ∈ (β0, βδ), γ ∈

(
1−iR
iR

, 2(1−iR)
iR

]

3. ρ ∈

0,
min{ρ̃ns,2, ρ̃fl}

4
√
iR

(
1−

√
iR

)
 for iR ∈

(
2
3 , 1

)
, β ≤ β0, γ > 2(1−iR)

iR

4. ρ ∈

 ρ̃ns,1

4
√
iR

(
1−

√
iR

) , min{ρ̃ns,2, ρ̃fl}

4
√
iR

(
1−

√
iR

)
 for:

iR ∈
(

2
3 ,

3+
√
8

4+
√
8

]
, β ∈ (β0, βδ), γ > 2(1−iR)

iR
;

iR ∈
(

3+
√
8

4+
√
8
, 1
)
, β ∈ (β0, βδ), γ ∈

(
2(1−iR)

iR
, (3+

√
8)(1−iR)
iR

]
A first outcome of Proposition 9 is predictable: a strong perceived alert threshold reactivity

parameter ρ induces instability. This occurs in all four possible cases and can take the form of
either a flip or a Neimark-Sacker bifurcation. Such finding aligns with standard intuition, as an
overly reactive adaptive threshold mechanism introduces oscillatory instabilities into the system.

More interestingly, ρ can also have a stabilizing effect, leading to the scenarios correspond-
ing to Cases 2 and 4. In these two situations, ξ∗R is stable within an intermediate range ρ ∈
(lower bound, upper bound), while becoming unstable for both exceedingly low and high values
of ρ. For this scenario to arise, an intermediate level of evolutionary pressure (β) is required
and, more importantly, the recovery rate (γ) must be sufficiently high. In Figure 3, we depict
the region of the (iR, γ)-plane for which the pairing of iR and γ satisfies the conditions specified
in Cases 2 and 4.6 Within the union of these regions, certain parameter combinations lead to
unfeasible (empty) constraints (indicated in white), once it is taken into account that ξ∗R exists
only if αNC > γ

1−iR
, and that, according to (16), the positivity of the model trajectories requires

6For Case 2, the lower and upper bounds correspond, respectively, to the dashed red and black curves, whereas for
Case 4, the lower and upper bounds correspond, respectively, to the dashed black and blue curves.
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Figure 3: Region of the (iR, γ)-plane for which the pairing of iR and γ satisfies the conditions
specified in Cases 2 and 4 of Proposition 9. Parameter couplings that provide empty constraints
are depicted in white, while blue to yellow colors identify the minimum feasible value of αNC .

αNC < (1 +
√
γ)2. The color scale encodes the minimum value of αNC for which there exist

combinations of parameters satisfying the conditions7 associated with Cases 2 and 4.
When the recovery rate is high and the regulator accepts a high target iR, the adaptive thresh-

old mechanism acts as a stabilizing feedback strictly within a specific reactivity range. If ρ is
too low, the perception of risk is sluggish, allowing infections to accumulate before triggering a
delayed, over-compensatory behavioral shift. Conversely, the evolutionary dynamics - by main-
taining a mixed population (ω∗ ∈ (0, 1)) - provides additional selection pressure that constrains
θ and prevents complete polarization, enabling this stabilizing effect at intermediate ρ.

We remark that the instability at high ρ can occur via two distinct bifurcation mechanisms,
revealing different endogenous origins of the instability. In particular, the flip bifurcation is pri-
marily associated with endogenous epidemiological instability.
Conversely, a Neimark-Sacker bifurcation generates quasi-periodic oscillations emerging from an
endogenous dynamical instability. This arises from the interaction and mutual delay among the
system’s constituent domains, propagating along the following three-way feedback cycle:

High it
alert thr.−−−−→ Low θt

evolut.−−−→ High ωt
epidem.−−−−→ Low it

alert thr.−−−−→

High θt
evolut.−−−→ Low ωt

epidem.−−−−→ High it

The Neimark-Sacker bifurcation thus accounts for a socio-epidemiological-evolutionary instabil-
ity involving all three model components. When ρ is too high, the adaptive mechanism becomes
overly sensitive, locking the variables into an oscillatory joint mode.

A deeper and somewhat counterintuitive insight can emerge in scenarios characterized by
high transmission rates αC and αNC . Under such conditions, the discrete-time SIS epidemio-
logical subsystem becomes intrinsically unstable on its own, primarily driven by large infection
overshoots that mathematically manifest as flip bifurcations. This epidemiological instability
dominates the extremes of the feasible iR range. Here, the high force of infection triggers violent
oscillations that cannot be tamed. However, for intermediate values of the target incidence iR,

7We stress that numerical investigations suggest that each feasible coupling of γ and iR resulting from Figure 3
provides a non-empty interval for β and ρ for every σ, τ and for all admissible values of αNC and αC .
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the coevolutionary framework allows for a window of stability. In such regime, the evolutionary
dynamics and the adaptive perceived alert threshold do not merely perturb the system, but ac-
tually behave as an essential stability recovering mechanism by counteracting the discrete-time
epidemiological overshoots. This stabilizing effect is based on a delicately tuned reactivity ρ and
appropriate evolutionary pressure β. If ρ is too low or not supported by a suitable evolutionary
pressure, risk perception adapts too slowly. The behavioral response fails to promptly brake the
high transmission rates, allowing the intrinsic epidemiological volatility to bleed into the sys-
tem and generate Neimark-Sacker quasi-periodic oscillations. Ultimately, the interplay between
strong evolutionary pressure (β) and moderate reactivity (ρ) is shown to be capable of overrid-
ing structural epidemiological instabilities, provided that the regulator targets an intermediate
endemic state.

The analysis of the role played by β on the stability of ξ∗R is deepen in the next result. To
such aim, recalling (18), we introduce

ρ̂ :=
γiR

1− iR + γiR
, (22)

γ̂ :=
ρ(1− iR)ι̃R

iR(1− ρι̃R)(2ρι̃R − 1)
, (23)

βfl :=
4
(

γiR
1−iR

− 2
)
(αNC − αC)

2

iR(1− iR)(2− ρι̃R)A
(24)

and

βns :=
[γiR − ρι̃R(γiR + 1− iR)] (αNC − αC)

2

iR(1− iR)2(1− ρι̃R)2A
, (25)

where
ι̃R := 4

√
iR

(
1−

√
iR

)
. (26)

We remark that also the subscripts associated with the thresholds in (24) and (25) indicate, re-
spectively, the occurrence of possible flip and Neimark-Sacker bifurcations.

Proposition 10. Steady state ξ∗R =

(
iR, iR,

αNC− γ
1−iR

αNC−αC

)
, when it exists for αC < γ

1−iR
<

αNC , is locally asymptotically stable if

• β ∈ (0, βns) for:

iR ∈
(
0, 2

3

]
, ρ ≤ 1

8
√

iR(1−
√
iR)

, ρ < ρ̂

4
√

iR(1−
√
iR)

;

iR ∈
(
0, 2

3

]
, 1

8
√

iR(1−
√
iR)

< ρ < ρ̂

4
√

iR(1−
√
iR)

, 1−iR
iR

< γ ≤ min{1, γ̂};

iR ∈
(
2
3 , 1

)
, ρ < ρ̂

4
√

iR(1−
√
iR)

, γ ≤ 2(1−iR)
iR

• β ∈ (βfl, βns) for:

iR ∈
(
2
3 , 1

)
, ρ ≤ 1

8
√

iR(1−
√
iR)

, ρ < ρ̂

4
√

iR(1−
√
iR)

, 2(1−iR)
iR

< γ ≤ 1;

iR ∈
(
2
3 , 1

)
, 1

8
√

iR(1−
√
iR)

< ρ < ρ̂

4
√

iR(1−
√
iR)

, 2(1−iR)
iR

< γ ≤ min{1, γ̂}

19



Contrasting Propositions 9 and 10, we note that, similarly to what occurs with ρ, also on
increasing β two different outcomes can arise. In addition to the predictable one, according to
which a strong evolutionary pressure induces instability, we find that β can also have a stabilizing
effect, i.e., ξ∗R is stable for β assuming intermediate values, when the reaction of the adaptive
threshold mechanism is not excessive and the recovery rate is large enough. However, differently
from Proposition 9, the destabilization at high β can occur just via a Neimark-Sacker bifurcation,
giving rise to quasi-periodic oscillations, while the stabilization on raising β occurs via a flip
bifurcation. The rationale underlying this behavior can be developed via arguments similar to
those previously carried out for ρ.8

Some insights on comparative dynamics, in particular in regard to possible convergence to-
wards different steady states on raising iR, will be presented together with the simulative analysis
in Section 4.

4 Simulative analysis
In this section, we present numerical investigations to further explore the role of some parameters
- particularly iR - and to study the possible dynamics away from equilibrium. In particular,
simulations are performed by choosing σ = −0.9 and γ = 1 and considering either τ = 0.1
or τ = 0.8, which outline situations in which Tt depends only weakly or, respectively, strongly
on it − θt, and which are thus, in turn, associated, respectively, with pronounced asymmetry or
substantial symmetry between the reaction coefficients τ and σ. Moreover, the case of τ = 0.8
and σ = −0.9 allows us to consider a situation in which the strategic interaction exhibits a
sensitive dependence on the endogenous components.
The choice of γ instead corresponds to the maximum possible value in the SIS model. In this
regard, recall that in the classic SIS model, with an exogenous contact rate α, the endemic steady
state is stable for γ < α < γ + 2, with the behavior as α varies described by the bifurcation
diagram shown in Figure 4. In particular, when γ = 1, if α < 1 the unique steady state is the
disease-free one, which incurs a transcritical bifurcation at α = 1 and is replaced by the stable
endemic steady state for 1 < α < 3. At α = 3 the disease-free steady state becomes unstable
through a flip bifurcation, and convergence is toward a periodic or chaotic endemic attractor,
depending on α. High values of γ are the most dynamically interesting, as they encompass
the greatest variety of possible scenarios as α varies (see condition (16)). In what follows, we
consider three different frameworks that, with reference to homogeneous populations entirely
composed of cooperators or non-cooperators, differ in terms of the stability properties of the
classic SIS model. More precisely, by “stable/unstable αi” we refer to the values of αi for which
the SIS model with contact rate αi (corresponding to a homogeneous population of agents i ∈
{C,NC}) admits an endemic equilibrium that is locally asymptotically stable/unstable.

To summarize the scenarios arising from Proposition 9, we represent in Figures 5–10 and
12–15 the stability regions in the (iR, ρ)-plane. Colors denote parameter combinations for which
either all stability conditions of the endemic equilibrium are satisfied (white), only the stability
condition associated with a possible Neimark-Sacker (respectively, flip) bifurcation is violated
(green and, respectively, magenta), or more than one stability condition is violated (blue). Tran-
sitions from white to colored regions therefore indicate a loss of stability, while transitions from
colored to white regions indicate stability recovery. The nature of the possible bifurcations can
be inferred from the color of the instability regions and will be further investigated through one-
dimensional bifurcation diagrams. Note that transitions between green/magenta and blue regions,
and vice versa, do not correspond to bifurcations. In what follows, the black bifurcation diagrams
are obtained from initial conditions chosen sufficiently close to the endemic equilibria, whereas

8We stress that, since γ̂ depends on ρ, an illustration analogous to Figure 3 would exhibit an explicit dependence on
the parameter ρ. For this reason, we refrain from providing a corresponding graphical representation for Proposition 10.
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Figure 4: Bifurcation diagram for i as α increases in the classic SIS model, for γ = 1.

the initial conditions used for the red diagrams are specified explicitly for each simulation.
The combinations of parameters for which the only existing endemic equilibrium is ξ∗R are those
lying between the two vertical dotted lines iR = 1 − γ

αC
and iR = 1 − γ

αNC
. To the left of

iR = 1− γ
αC

(respectively, to the right of iR = 1− γ
αNC

), the only existing endemic equilibrium
is ξ∗C (respectively, ξ∗NC). Finally, we consider values of iR over intervals slightly larger than(
1 − γ

αC
, 1 − γ

αNC

)
, since the stability of ξ∗C and ξ∗NC does not depend on iR, whenever they

exist.

4.1 Both stable αC and αNC

We consider αC = 1.2 and αNC = 2.9. In this framework, steady state ξ∗R exists for iR ∈
(0.167, 0.656), and endemic equilibria ξ∗C and ξ∗NC are stable respectively for iR < 0.167 and
iR > 0.626. We performed numerical investigations for iR ∈ (0.1, 0.72) and ρ ∈ (0, 0.8).

We start considering τ = 0.1, for which the related simulations are reported in Figure 5. We
begin by analyzing the role of iR, which can be inferred from horizontal cross-sections of the
stability regions. The main observation is that sufficiently large values of ρ can induce instability
even in parameter regimes in which the epidemiological subsystem alone would remain stable.
Moreover, this destabilizing effect becomes stronger as β increases, since the stability region of
ξ∗R progressively shrinks, indicating that, within this framework, the evolutionary pressure is al-
ways destabilizing.
In further detail, for sufficiently small values of β (Panels (a)–(c)), ξ∗R is stable for all iR pro-
vided that ρ is small. The bifurcation diagram corresponding to (a) is shown in Panel (e). As ρ
increases, ξ∗R becomes unstable for iR ∈

(
1 − γ

αC
, ρns,2

)
, and it may recover stability through

a reverse Neimark-Sacker bifurcation on growing iR (see Panel (f), stabilizing scenario). If ρ is
further increased, the threshold value of iR above which ξ∗R is stable also raises, until ξ∗R becomes
unstable for all iR ∈

(
1− γ

αC
, 1− γ

αNC

)
.

If we consider larger values of β, a slight increase in ρ from the value at which the destabilizing
scenario arises leads to a further increase in complexity. In this case, ξ∗R, after initially recov-
ering stability, subsequently loses it and then recovers it again as iR increases, giving rise to
a stabilizing-destabilizing-stabilizing scenario, as shown in the bifurcation diagram reported in
Panel (g). If β is further increased (Panel (c)), as ρ grows there first appears a scenario charac-
terized by Neimark-Sacker bubbling (a destabilizing-stabilizing scenario), described by the bifur-
cation diagram in Panel (g), which is then followed, as ρ is further increased, by the stabilizing-
destabilizing-stabilizing, the stabilizing, and in the end the fully unstable scenarios. Finally, if β

21



is very large (Panel (d)), the bubbling destabilizing-stabilizing scenario occurs even for arbitrarily
small values of ρ.

We now turn to the analysis of the role of ρ, which can be inferred from vertical cross-sections
of the stability regions. In this case, ρ always acts as a destabilizing factor when iR is close to
either 1 − γ

αC
or 1 − γ

αNC
(see the bifurcation diagram in Panel (i)), with instability thresholds

that may display a non-monotonic dependence on iR. However, for intermediate values of iR and
sufficiently large β, ξ∗R may be unstable for all values of ρ, or it may exhibit an initial instability
for small ρ that is subsequently recovered, so that ξ∗R becomes stable over a limited range of ρ
values, before finally losing stability again as ρ increases (see Panel (j)).

We emphasize that numerical simulations indicate that, for larger values of αC , no new qual-
itative scenarios emerge: the sequence of scenarios remains essentially unchanged and depends
on τ , although raising αC larger values of β are required to trigger transitions between different
sequences. In other words, the scenarios become less sensitive to evolutionary pressure when
increasing αC . Moreover, the stability regions tend to grow as αC approaches αNC , with the
stability of ξ∗R being preserved for larger values of ρ.
In addition to these identified scenarios, Panel (j) reveals the occurrence of multistability, with a
chaotic attractor (in red, obtained setting i0 = 0.8 iR, θ0 = 0.8 iR and ω0 = 0.8ω∗

R) firstly coex-
isting with ξ∗R and then with the quasi-periodic attractor arising from its stability loss. In Figure
6 we report the corresponding basins of attraction as ρ increases. Yellow areas indicate the basins
of attraction of ξ∗R (in Panels (a)–(c), black asterisk) and of the quasi-periodic attractor (in Panels
(d)–(f), black dots), whereas blue areas denote the basins of the chaotic attractor (Panels (a)–(f),
red dots). Note that the yellow regions shrink as ρ increases, until the quasi-periodic attractor
collides with the boundary of the basin and subsequently disappears.

Now we set τ = 0.8 and we report the results of the simulations in Figure 7. For the stability
regions (Panels (a)–(d)), the conclusions drawn for the case τ = 0.1 remain largely applicable.
We highlight only a few differences. First, one can observe a modest reduction in potential com-
plexity due to the disappearance of the stabilizing–destabilizing–stabilizing scenario. Moreover,
the results show an increased sensitivity to β: due to the higher reactivity τ = 0.8, the stability
region of ξ∗R shrinks faster and for smaller values of β. Since the bifurcation diagrams for the dif-
ferent scenarios remain qualitatively the same as those reported in the case of τ = 0.1, we avoid
to report them, while we focus on possible time series arising when ξ∗R is unstable, which may be
qualitatively quite different according to the values of iR. We have both long time periods of low
infection levels interrupted by quick upsurges/downturns of infections (Panel (e)) and irregular
(Panel (f)) or smooth (Panel (g)) quasi-periodic behaviors. We emphasize that this descriptive va-
riety of quasi-periodic dynamics is not restricted to this specific parameter set; rather, an in-depth
simulation analysis has shown that it regularly occurs.
In Panels (h)-(i) we show the possible long-run strategic interactions. In Panel (h), all three
endemic equilibria ξ∗C (blue), ξ∗R (red) and ξ∗NC (black) are stable and the associated strategic
outcomes are, respectively, the no-conflict game, an indifferent scenario with a mixed-strategy
equilibrium, and the prisoner’s dilemma, as shown in Panel (h).
When ξ∗R is unstable (Panel (i)), the dynamics approach an attractor in which strategic interactions
alternate between no-conflict game and the prisoner’s dilemma. A similar behavior is observed
when τ = 0.1, with the only difference being that the reduced reactivity in this case does not
allow for the emergence of a harmony game, which could in principle arise when τ = 0.8, even
though it does not occur in the simulation reported in Panel (i).

Finally, we examine whether system trajectories can converge to ξ̃
∗
C and ξ̃

∗
NC . Recall that

these equilibria form continua of steady states, arising only for a specific value of iR each (given
by 1− γ

αC
and 1− γ

αNC
) at which the system undergoes a transition from ξ∗C to ξ∗R and from ξ∗R

to ξ∗NC , respectively. Proposition 8 established the conditions on parameter θ under which the
continua ξ̃

∗
C and ξ̃

∗
NC are unstable. The outcomes of the numerical simulations are reported in
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αC = 1.2, αNC = 2.9, τ = 0.1

Stability regions

Bifurcation diagrams

Figure 5: Case of both stable endemic steady states of homogeneous populations of cooperators and non-
cooperators (αC = 1.2 and αNC = 2.9) and low reactivity τ = 0.1. Panels (a)–(d): stability regions
for different values of β. Panels (e)–(h): bifurcation diagrams on increasing iR. Panels (i)-(j): bifurcation
diagrams on increasing ρ, with (j) showing coexistence between different kinds of attractors.
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αC = 1.2, αNC = 2.9, τ = 0.1

Basins of attraction
β = 40, iR = 0.619

Figure 6: Case of both stable endemic steady states of homogeneous populations of cooperators and non-
cooperators (αC = 1.2 and αNC = 2.9) and low reactivity τ = 0.1, and for β = 40, iR = 0.619.
Panels (a)–(c): basins of attraction for different values of iR showing coexistence between ξ∗

R and a chaotic
attractor. Panels (d)–(f): basins of attraction for different values of ρ showing coexistence between a quasi-
periodic and a chaotic attractors.

Figures 8 and 9, corresponding to τ = 0.1 and τ = 0.8, respectively.
In the two figures, Panels (a) display cross-sections of the basins of attraction for selected val-
ues of the initial condition ω0. These sections reveal the presence of infinitely many attractors
of the form

(
1 − γ

αNC
, θ, 0

)
, represented by the blue-to-yellow color gradient associated with

θ ∈
(
1− γ

αNC
, 1
)
. Although the geometry of the basins varies with the values of the parameters,

all numerical simulations consistently indicate that the continuum of steady states ξ̃
∗
NC is stable

for any θ ∈
(
1− γ

αNC
, 1
)
, regardless of the values of β and ρ.

Panels (b) in Figures 8 and 9 illustrate, in the (i, θ, ω) space, the continuum of steady states at-
tained by the system (black line), together with several representative trajectories (dashed lines)
converging to different points on it. The red plane corresponds to θ = 1 − γ

αNC
, which defines

the lower boundary of the stable subset of steady states ξ̃
∗
NC . Similar conclusions apply to the

continuum of steady states ξ̃
∗
C .

Panels (c) in Figures 8 and 9 reveal the presence of infinitely many attractors of the form
(
1 −
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αC = 1.2, αNC = 2.9, τ = 0.8

Stability regions

Time Series (β = 10, ρ = 0.2)

Resulting strategic interaction

Figure 7: Case of both stable endemic steady states of homogeneous populations of cooperators and non-
cooperators (αC = 1.2 and αNC = 2.9) and large reactivity τ = 0.8. Panels (a)–(d): stability regions for
different values of β. Panels (e)–(g): quasi-periodic trajectories for different values of iR. Panels (h)-(i):
resulting games for different values of β, ρ and iR.
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Figure 8: Basins of attraction of the continuum ξ̃
∗
NC when iR = 1− γ

αNC
(Panel (a)) and of the continuum

ξ̃
∗
C when iR = 1− γ

αC
(Panel (c)), for τ = 0.1, β = 20 and ρ = 0.2. Different steady states are represented

by distinct colors, referring to the corresponding colorbar. The continua of stable steady states ξ̃
∗
NC (Panel

(b)) and ξ̃
∗
C (Panel (d)) are represented by the black line, together with trajectories converging toward some

of them (dashed lines). Red planes delimit the values of θ for which ξ̃
∗
NC and ξ̃

∗
C are stable.

γ
αC

, θ, 1
)
, represented by the blue-to-yellow color gradient associated with θ ∈

(
0, 1− γ

αC

)
. Each

color shade identifies a distinct attractor within the continuum.
As in the previous case, in both figures, Panels (d) depict the continuum of steady states attained
by the system (black line), together with several representative trajectories (dashed lines) con-
verging to different points on it. The red plane corresponds to θ = 1 − γ

αC
and marks the upper

boundary of the stable branch of steady states ξ̃
∗
C .

Similar conclusions hold for steady states ξ̃
∗
C considered in the frameworks analyzed in the fol-

lowing subsections for stable αC . In contrast, whenever the contact rate αi, for i = C or i = NC,
satisfies the instability conditions of Proposition 8, we find no numerical evidence of attractors ly-
ing on the continuum ξ̃

∗
i . In such cases, the trajectories instead converge to the attractors indicated

in red.
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Figure 9: Basins of attraction of the continuum ξ̃
∗
NC when iR = 1− γ

αNC
(Panel (a)) and of the continuum

ξ̃
∗
C when iR = 1− γ

αC
(Panel (c)), for τ = 0.8, β = 20 and ρ = 0.2. Different steady states are represented

by distinct colors, referring to the corresponding colorbar. The continua of stable steady states ξ̃
∗
NC (Panel

(b)) and ξ̃
∗
C (Panel (d)) are represented by the black line, together with trajectories converging toward some

of them (dashed lines). Red planes delimit the values of θ for which ξ̃
∗
NC and ξ̃

∗
C are stable.

4.2 Stable αC and unstable αNC

We deal with two cases, both characterized by αNC = 3.9. We note that for such contact rate, the
isolated SIS model exhibits chaotic dynamics. In the present model, endemic equilibrium ξ∗NC

then exists for iR > 0.744, and is unstable.
In the first case we set αC = 1.2, so steady state ξ∗R exists for iR ∈ (0.167, 0.754), while

the endemic equilibrium ξ∗C exists and is stable for iR < 0.167. Results are reported for iR ∈
(0.12, 0.78) and ρ ∈ (0, 0.8).

We start by considering τ = 0.1, and we make reference to Figure 10 for the discussion.
Looking at the stability regions reported in Panels (a)–(d) we can highlight two main differ-
ences with those in Figures 5 and 7. Firstly, ξ∗R can become unstable through a flip bifurca-
tion. This can occur both as iR and ρ increase when moving from white to magenta regions
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αC = 1.2, αNC = 3.9, τ = 0.1

Stability regions

Bifurcation diagrams

Figure 10: Case of stable endemic steady state for homogeneous cooperators and unstable one for homo-
geneous non-cooperators (αC = 1.2 and αNC = 3.9), with low reactivity τ = 0.1. Panels (a)–(d): stability
regions for different values of β. Panels (e)–(h): bifurcation diagrams on increasing iR. Panels (i)-(j): bifur-
cation diagrams on increasing ρ. Panels (k)-(l): bifurcation diagrams on increasing β. In Panels (e)–(l) red
and black colors refer to different initial data.
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(crossing curve ρ = ρfl). As a consequence, each scenario identified by stability changes as
iR increases in the case of both αC and αNC being stable is now replaced, when αC is stable
and αNC is unstable, by a new scenario exhibiting the same sequence of stability changes, but
with an additional final destabilization induced by a flip bifurcation. The actual occurrence of
such scenarios is highlighted in the bifurcation diagrams in black and red (these latter gener-
ated setting i0 = 0.8 iR, θ0 = 1 − 10−8 and ω0 = 10−8), obtained as iR increases, in Pan-
els (e)–(h). The resulting bifurcation scenarios for ξ∗R are the flip destabilizing scenario (Panel
(e)), the NS stabilizing-flip destabilizing scenario (Panel (f)), the NS stabilizing-NS destabilizing-
NS stabilizing-flip destabilizing scenario (Panel (g)) and the NS destabilizing-NS stabilizing-flip
destabilizing scenario (Panel (h)), where NS stands for Neimark-Sacker. The black bifurcation
diagram in Panel (j) shows the new flip destabilizing scenario occurring on increasing ρ. The bi-
furcation diagrams in Panel (i) report a case where ξ∗R is unstable for all values of ρ. Finally, the
bifurcation diagrams in Panels (k) and (l) show the two possible scenarios for ξ∗R on increasing
β, i.e., in agreement with Proposition 10, the NS destabilizing scenario and (in black in Panel (k))
the flip stabilizing-NS destabilizing scenario. In Panels (i)–(l), the red bifurcation diagrams are
generated using the initial conditions i0 = 0.8 iR, θ0 = 0.99 and ω0 = 0.01. Moreover, Panel (c)
shows that as ρ increases, a Neimark-Sacker bubbling can reduce and disappear, a behavior not
observed in the simulations reported in Figures 5 and 7.

In Figure 11 we display the basins of attraction for different parameter values. Panels (a)–(c)
correspond to β = 16 and ρ = 0.2, the same values used in the bifurcation diagrams of Figure
10 (f). As already seen in previous simulations, also this framework reveals the coexistence of
multiple attractors, as shown in Panels (e)–(j). These diagrams indicate the presence, for certain
values iR < 0.754, of a chaotic attractor with ω = 0 that remains stable. Numerical exploration
further shows that, when ξ∗NC loses stability (according to Proposition 5, at αNC = γ + 2 = 3),
another attractor persists and stays stable even for γ < (1− iR)αNC . The difference between the
coexistence shown in Figure 5 and that in the present framework is that in this latter situation the
chaotic attractor is directly connected with the dynamics of the isolated SIS model, while in the
former case it arose from the highly nonlinear interaction among the different spheres. Yellow
areas indicate the basins of attraction of ξ∗R (black asterisk), whereas blue areas denote the basins
of the chaotic attractor (red dots). As in the example reported in Figure 6, the basin of attraction
of ξ∗R shrinks as iR increases. When iR reaches the threshold ρ = ρfl and ξ∗R undergoes a flip
bifurcation, a period-two cycle emerges but almost immediately collides with the boundary of its
basin and vanishes. This accounts for why only the chaotic attractor appears in red in Figures 10
(e)–(j), and why the period–two cycle emerging from the flip bifurcation of ξ∗R is absent. Panels
(d)–(f) in Figure 11 use the same parameters as in the bifurcation diagrams of Figure 10 (i),
namely β = 20 and iR = 0.6, which indicate the coexistence of a quasi-periodic and a chaotic
attractor. Also in this case, the yellow regions, representing now the basins of the quasi-periodic
black attractor, progressively shrink as ρ increases, until it collides with the blue region (the basin
of the red chaotic attractor) and subsequently disappears.
In Figure 12, we set τ = 0.8 while keeping αC = 1.2 and αNC = 3.9. The stability regions

(Panels (a)–(d)) indicate that a larger τ qualitatively simplifies the behavior, as there is no longer
evidence that increasing ρ causes first a contraction and finally the disappearance of the Neimark-
Sacker bubble. Moreover, consistently with Figure 7, the case with three stability transitions via
potential Neimark-Sacker bifurcations no longer occurs for large τ . In Panel (e) we show the flip
destabilization on increasing ρ, in which the period-two cycle, just after arising, collides with the
boundary of the basin of attraction and convergence occurs toward a coexisting chaotic attractor
(the red bifurcation diagram is obtained starting from i0 = 0.8 iR, θ0 = 0.8 iR and ω0 = 0.8ω∗

R).
Panel (f) depicts the possible dynamics for β = 1 and ρ = 0.7, for various values of iR. In this
case, differently from Figure 7 (i) the red quasi-periodic attractor also passes through the region
associated with the harmony game.

In Figure 13 we consider αC = 2.5, larger than in the former framework analyzed in this
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αC = 1.2, αNC = 3.9, τ = 0.1

Basins of attraction
β = 16, ρ = 0.2

β = 20, iR = 0.6

Figure 11: Case of stable endemic steady state for homogeneous cooperators and unstable one for ho-
mogeneous non-cooperators (αC = 1.2 and αNC = 3.9), with low reactivity τ = 0.1. Panels (a)–(c):
basins of attraction for β = 16, ρ = 0.2 and different values of iR. Panels (d)–(f): basins of attraction for
β = 20, iR = 0.6 and different values of ρ.

subsection. Steady state ξ∗R exists for iR ∈ (0.6, 0.754), while the endemic equilibrium ξ∗C exists
and is stable for iR < 0.6. Results are reported for iR ∈ (0.57, 0.77) and ρ ∈ (0, 0.8). As we
can see, no additional scenarios arise; hence, bifurcation diagrams are omitted, as simulations
indicate that they are qualitatively equivalent to those already shown in Figures 10 and 12. We
only note a lower sensitivity to β, which must take larger and more variable values to trigger
scenario changes.

For τ = 0.1 (Panels (a)–(e)), the main difference from Figures 10 (a)–(d) is the altered se-
quence of scenarios on increasing iR, for different fixed values of ρ. Namely, unlike in Figure
10, in Figure 13 the stabilizing-destabilizing-stabilizing-destabilizing scenario occurs before the
emerge of the Neimark-Sacker bubble for low values of ρ. This is why in Figure 10 there is no
analogue of Figure 13 (c).

In contrast, for τ = 0.8 (Panels (f)–(i)), with respect to Figure 12 we can additionally observe
the configuration in Panel (h), characterized by an instability region at small ρ that disappears at
intermediate values. This configuration did not occur in the corresponding case with τ = 0.8 and
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αC = 1.2, αNC = 3.9, τ = 0.8

Stability regions

Bifurcation diagrams Resulting strategic interaction

Figure 12: Case of stable endemic steady state for homogeneous cooperators and unstable one for homoge-
neous non-cooperators (αC = 1.2 and αNC = 3.9), with high reactivity τ = 0.8. Panels (a)–(d): stability
regions for different values of β. Panel (e): bifurcation diagram showing the flip destabilizing scenario for
ρ. Panel (f): resulting game for different values of iR.

αC = 1.2 (Figures 12 (a)–(d)) and had previously been seen only for smaller values of τ .

4.3 Both unstable αC and αNC

We set αC = 3.2 and αNC = 3.9. In the present framework, steady state ξ∗R exists for iR ∈
(0.6875, 0.744), while the two endemic equilibria, ξ∗C and ξ∗NC , exist but are unstable for iR <
0.6875 and iR > 0.744, respectively. Note that for αC = 3.2 the isolated SIS model displays a
period-two cycle. Numerical simulations were performed for iR ∈ (0.66, 0.76) and ρ ∈ (0, 0.8).

Figure 14 reports the simulations for τ = 0.1. Similar to what occurs in the transition from
the configuration where both αi ∈ {C,NC} are stable to the one with unstable αNC , making αC

unstable also generates an additional (initial) flip bifurcation, now occurring for iR slightly larger
than 1− γ

αC
= 0.6875. However, the reduced stability range of values of iR seems to prevent the

possible emergence of scenarios in which three stability changes occur via Neimark-Sacker bifur-
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αC = 2.5, αNC = 3.9

Stability regions

τ = 0.1

τ = 0.8

Figure 13: Case of stable endemic steady state for homogeneous cooperators and unstable one for homo-
geneous non-cooperators (αC = 2.5 and αNC = 3.9). Panels (a)–(e): stability regions for small reactivity
τ = 0.1, and for different values of β. Panels (f)–(i): stability regions for large reactivity τ = 0.8, and for
different values of β.

cations. Moreover, it is possible that each endemic state is unstable for any ρ and iR, in particular
for not sufficiently large values of β, as shown in Panel (a) and in the corresponding bifurcation
diagrams in Panel (f). This outcome predictably aligns with the instability of endemic equilibria
in homogeneous populations composed solely of cooperating or non-cooperating agents. How-
ever, driven by evolutionary selection and the adaptive mechanism that regulates the perception
of the population of the alert threshold, a suitably chosen policy can restore the local stability
of the endemic equilibrium ξ∗R, as indicated by the white areas in the stability regions in Panels
(b)–(e) and the corresponding bifurcation plots in Panels (g)-(h). We stress that the coexistence
between different attractors is present in this context, too, also characterized by various degrees
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αC = 3.2, αNC = 3.9, τ = 0.1

Stability regions

Bifurcation diagrams

Figure 14: Case of unstable endemic steady states for both homogeneous population of cooperators and
non-cooperators (αC = 3.2 and αNC = 3.9), with low reactivity τ = 0.1. Panels (a)–(e): stability regions
for different values of β. Panels (f)–(h): bifurcation diagrams on increasing iR for different initial data (red
and black).
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αC = 3.2, αNC = 3.9, τ = 0.8

Stability regions

Figure 15: Case of unstable endemic steady states for both homogeneous population of cooperators and
non-cooperators (αC = 3.2 and αNC = 3.9), with large reactivity τ = 0.8. Panels (a)–(e): stability regions
for different values of β.

of complexity, as highlighted by the red (in which the initial data are i0 = 0.8 iR, θ0 = 1− 10−8

and ω0 = 10−8) and black bifurcation diagrams in Panels (f)–(h) obtained on changing initial
data.

The simulations for τ = 0.8 are reported in Figure 15. Comparing the stability regions with
those for τ = 0.1 in Figures 14 (a)–(e) reveals that the overall behavior is essentially the same,
with the only notable difference being a higher sensitivity to β when τ = 0.8.

5 Conclusions
As we shall discuss below, the proposed model offers stimulating points for reflection, also in
view of possible extensions. The interaction between the epidemiological and strategic spheres
leads to a multiplicity of possible steady states, particularly endemic ones, showing that the sce-
nario characterized by a share of infected individuals equal to iR, as desired by the regulator,
cannot always be achieved. What is interesting is that different (endemic) steady states are asso-
ciated to different kinds of games, which both characterize and are based on the type of game that
characterizes them. In the proposed setting, only symmetric games can emerge, and steady states
are characterized by particular kinds of games: the coevolution between the epidemiological sce-
narios and the strategic interaction can explain, under an evolutionary setting, the emergence of
cooperating and defecting attitudes.
Moreover, when steady states become unstable, in out-of-equilibrium dynamics the alternation of
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different kinds of strategic interaction can emerge, giving rise to fluctuations between cooperating
and non-cooperating behaviors.

The model we proposed can be extended in several directions. A first possibility might be
given by the consideration of lock-in scenarios, i.e., allowing for the possibility that agents be-
come trapped in situations in which the perceived alert threshold does not change, regardless of
the circumstances. Such situations could arise depending on the formulation used to describe
the evolution of the alert threshold, which might be altered with respect to that considered in the
present work. See [23] for a general setting encompassing the one here proposed both in regard
to the alert threshold evolution and the share updating rule. A second future line of research
would consist in studying the effect of the introduction of uncertainty in the model, supposing
that the perception of the alert threshold becomes a random variable in the presence of a multi-
plicity of signals (e.g., in regard to the actual efficacy of the implemented containment measures).
For instance, we could assume that uncertainty affects the payoffs obtained by cooperating and
defecting individuals, making them increase or fall, according to different effect combinations.
A further development of the proposed setting would be represented by an endogenization of the
infection rates for cooperating and defecting individuals, which, rather than being constant, could
represent strategies in an evolutive competition.
Analyzing the possible configurations of steady states, their stability, and their characterization in
terms of strategic interactions in these three new settings will be the objective of the next steps in
our research. A preliminary description and investigation of the settings with lock-in states and
uncertainty can be found in [23].
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Appendix
Proof of Propositions 1 and 2. Setting it+1 = it = i, θt+1 = θt = θ and ωt+1 = ωt = ω,
System (15) becomes 

i = i[1− γ + (1− i)(αNC − (αNC − αC)ω)]

F2(θ, ρ(iR − i)) = 0

ω =
ω

ω + (1− ω)eβ(i−θ)(σ−ω(τ+σ))

(27)

where in the second equation the expression of F2 is that in (14). The first equation is solved for
i = 0 and i = 1− γ

αCω+αNC(1−ω) .
Recalling (14) and (12), the second equation is solved for i = iR for any θ ∈ [0, 1], θ = 0 for

iR − i < 0 and θ = 1 for iR − i > 0.
The third equation is solved for ω = 0, 1 and for ω ∈ (0, 1) when

(i− θ)[(σ + τ)ω − σ] = 0,

which provides i = θ and ω = σ
σ+τ , which, however, is not feasible as it never belongs to (0, 1).

Hence, if i = 0, at a steady state the second equation in (27), since iR > 0, requires θ = 1,
and hence the third equation is solved only for ω = 0 or ω = 1. We then have disease-free steady
states (0, 1, 0) and (0, 1, 1).
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Let us now consider endemic steady states, namely i = 1− γ
αCω+αNC(1−ω) ∈ (0, 1). In this

case, we have to distinguish between the scenarios with ω = 0, ω = 1 and i = θ.
If ω = 0, then i = 1− γ

αNC
∈ (0, 1) for γ < αNC and the second equation in (27) requires

F2

(
θ, ρ

(
iR −

(
1− γ

αNC

)))
= 0.

Recalling (11), if iR = 1− γ
αNC

, then z = iR −
(
1− γ

αNC

)
= 0 ∈ [−f−1

0 (θ), f−1
0 (θ)] for any

θ. Hence, F2(θ, 0) = f0
(
f−1
0 (θ)

)
− θ = 0, and therefore the second equation is satisfied for all

θ ∈ [0, 1]. Conversely, if iR < 1− γ
αNC

, that is, iR −
(
1− γ

αNC

)
< 0 = f−1(0), then, by (11),

equation F2

(
θ, iR −

(
1− γ

αNC

))
= 0 reduces to 1− θ = 0, and it is solved for θ = 1.

If ω = 1, then i = 1− γ
αC

∈ (0, 1) for γ < αC and proceeding along the same lines as in the
previous case, we find that if iR = 1− γ

αC
the second equation in (27) is fulfilled for any

θ ∈ [0, 1], while otherwise it is solved for θ = 0 if iR < 1− γ
αC

and for θ = 1 if iR > 1− γ
αC

.

The second equation requires F2

(
θ, ρ

(
iR −

(
1− γ

αC

)))
= 0, which is fulfilled for any

θ ∈ [0, 1] if iR = 1− γ
αC

, while otherwise it is solved for θ = 0 if iR < 1− γ
αC

and for θ = 1 if
iR > 1− γ

αC
.

Finally, if i = 1− γ
αCω+αNC(1−ω) = θ ∈ (0, 1), solutions θ = 0 and θ = 1 to F2(θ, ρ(iR −

i)) = 0 are excluded, and it can only be i = iR, from which we find
(
iR, iR,

αNC− γ
1−iR

αNC−αC

)
for αC < γ

1−iR
< αNC , where the expression for ω∗

R derives from the condition iR = 1 −
γ

αCω+αNC(1−ω) .

This completes the proof.

We only provide the proof of Proposition 4, as that of Proposition 3 follows by analogous
steps.

Proof of Proposition 4. To obtain the payoff matrix in Table 1 at the steady states, i.e.

C NC

C 1, 1 S,T

NC T, S 0, 0

it is sufficient to replace the various steady state components of i and θ in (9), so as to find the
corresponding value of T and S, together with their variation range, recalling that τ, |σ| ∈ (0, 1).
• ξ∗R : Using i = iR and θ = iR in (9), we find T = 1 and S = 0.
• ξ∗C : Using i = 1− γ

αC
and θ = 0 in (9), we find T = 1− τ

(
1− γ

αC

)
and S = −σ

(
1− γ

αC

)
.

Recalling existence condition γ < (1− iR)αC < αC , we obtain ranges for T and S.
• ξ∗NC : Using i = 1− γ

αNC
and θ = 1 in (9), we find T = 1+ τ γ

αNC
and S = σ γ

αNC
. Recalling

existence condition (1− iR)αNC < γ < αNC , we obtain ranges for T and S.
•
(
1− γ

αC
, 1, 1

)
: Using i = 1 − γ

αC
and θ = 1 in (9), we find T = 1 + τ γ

αC
and S = σ γ

αC
.

Recalling existence condition (1− iR)αC < γ < αC , we obtain ranges for T and S.
•
(
1− γ

αNC
, 0, 0

)
: Using i = 1 − γ

αNC
and θ = 0 in (9), we find T = 1 − τ

(
1− γ

αNC

)
and

S = −σ
(
1− γ

αNC

)
. Recalling existence condition γ < (1− iR)αNC < αNC , we obtain ranges

for T and S.
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• ξ̃
∗
C : Using i = iR = 1 − γ

αC
and θ in (9), we find T = 1 − τ

(
1− γ

αC
− θ

)
and S =

−σ
(
1− γ

αC
− θ

)
. Recalling existence condition γ < αC , we have

−1 < − γ

αC
< 1− γ

αC
− θ < 1− θ < 1,

from which we obtain the values that can be assumed by T and S.
• ξ̃

∗
NC : Using i = iR = 1 − γ

αNC
and θ in (9), we find T = 1 − τ

(
1− γ

αNC
− θ

)
and

S = −σ
(
1− γ

αNC
− θ

)
. Proceeding as for ξ̃

∗
C , we obtain the values that can be assumed by T

and S.

Proof of Proposition 5. We start recalling that, with M1 and M3 considered in the paper, i.e.,

M1(i, θ, ω) = i(1− γ + (1− i)(αNC − ω(αNC − αC)))

and

M3(i, θ, ω) =
ω

ω + (1− ω)eβ(i−θ)(σ−ω(τ+σ))

so that ∂M3

∂θ = −∂M3

∂i , we have

∂M1

∂i = 1− γ+(1− 2i)(αNC −ω(αNC −αC)),
∂M1

∂θ = 0, ∂M1

∂ω = −i(1− i)(αNC −αC),

∂M3

∂i = −βω(1−ω)eβ(i−θ)(σ−ω(τ+σ))(σ−ω(τ+σ))
(ω+(1−ω)eβ(i−θ)(σ−ω(τ+σ)))2

, ∂M3

∂θ = βω(1−ω)eβ(i−θ)(σ−ω(τ+σ))(σ−ω(τ+σ))
(ω+(1−ω)eβ(i−θ)(σ−ω(τ+σ)))2

,

∂M3

∂ω = eβ(i−θ)(σ−ω(τ+σ))(1+ω(1−ω)β(i−θ)(τ+σ))
(ω+(1−ω)eβ(i−θ)(σ−ω(τ+σ)))2

.

Hence, the Jacobian matrix is given by

J(i, θ, ω) =


∂M1

∂i 0 ∂M1

∂ω
∂M2

∂i
∂M2

∂θ
∂M2

∂ω
∂M3

∂i −∂M3

∂i
∂M3

∂ω

 =


∂M1

∂i 0 ∂M1

∂ω
∂M2

∂i
∂M2

∂θ 0
∂M3

∂i −∂M3

∂i
∂M3

∂ω


where, since M2(i, θ, ω) = θ + F2(θ, ρ(iR − i)), we used ∂M2

∂ω = 0.

Moreover, for (i, θ, ω) with ω = 0 or ω = 1 we have that ∂M3

∂θ = −∂M3

∂i = 0, so that in such
cases the Jacobian matrix becomes

J(i, θ, ω) =


∂M1

∂i 0 ∂M1

∂ω
∂M2

∂i
∂M2

∂θ 0

0 0 ∂M3

∂ω

 . (28)

Hence, a simple computation shows that the three eigenvalues of J coincide with ∂M1

∂i , ∂M2

∂θ and
∂M3

∂ω . Let us then evaluate such partial derivatives at ξ∗C and at ξ∗NC .
Computing them at ξ∗C , we find ∂M1

∂i = 1 + γ − αC , which lies in the interval (−1, 1) for

γ > αC − 2, and ∂M3

∂ω = e
−βτ

(
1− γ

αC

)
, which always lies in the interval (−1, 1). As concerns

∂M2

∂θ , with F2 in (14), since at ξ∗C it must be γ < (1−iR)αC , and this implies that z = ρ(iR−i) <
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0 = −1+
√
1−

√
θ at ξ∗C , by continuity we have that M2(i, θ, w) = θ−θ = 0 in a neighborhood

of ξ∗C , implying that ∂M2

∂θ = 0. This concludes the proof for ξ∗C .
Turning now to ξ∗NC , we find ∂M1

∂i = 1 + γ − αNC , which lies in the interval (−1, 1) for
γ > αNC − 2, and ∂M3

∂ω = e
βσ γ

αNC , which always lies in the interval (−1, 1).

For ∂M2

∂θ , with F2 in (14), since at ξ∗NC it must be γ > (1 − iR)αNC , and this implies that

z = ρ(iR − i) > 0 =
√
1−

√
θ at ξ∗NC , by continuity we have that M2(i, θ, ω) = θ+1− θ = 1

in a neighborhood of ξ∗NC , implying that ∂M2

∂θ = 0. This concludes the proof for ξ∗NC , too.

Proof of Propositions 6 and 7. Recalling (28) and the subsequent lines, it holds that, at the steady
states considered in Propositions 6 and 7, the three eigenvalues of J coincide with ∂M1

∂i , ∂M2

∂θ and
∂M3

∂ω . Let us then evaluate such partial derivatives at the various steady states.

At
(
1− γ

αC
, 1, 1

)
it holds that ∂M3

∂ω = e
βτγ
αC , which is always greater than 1, implying that this

steady state is unstable.

Similarly, at
(
1− γ

αNC
, 0, 0

)
it holds that ∂M3

∂ω = e
−βσ

(
1− γ

αNC

)
, which, since σ < 0, is always

greater than 1, implying the instability for the corresponding steady state.
In an analogous manner, at (0, 1, 1) it holds that ∂M3

∂ω = eβτ > 1 so that the steady state is
unstable.
On the other hand, at ξ∗df = (0, 1, 0) it holds that ∂M3

∂ω = eβσ always lies in the interval (0, 1),
while ∂M1

∂i = 1 − γ + αNC ∈ (−1, 1) if and only if αNC < γ. As concerns ∂M2

∂θ at ξ∗df , with

F2 in (14), since z = ρ(iR − i) = ρiR > 0 =
√

1−
√
θ at ξ∗df , by continuity we have that

M2(i, θ, ω) = θ + 1 − θ = 1 in a neighborhood of ξ∗df , implying that ∂M2

∂θ = 0. Hence, ξ∗df is
locally asymptotically stable for γ > αNC , as desired.

Proof of Proposition 8. Recalling (28) and the subsequent lines, it holds that ∂M1

∂i and ∂M3

∂ω are
eigenvalues of the Jacobian matrix of the model along the two considered continua of steady
states.
Let us focus on ξ̃

∗
C , noting that ∂M1

∂i

(
1− γ

αC
, θ, 1

)
= 1+γ−αC is less than −1 if γ < αC −2.

Moreover, ∂M3

∂ω

(
1− γ

αC
, θ, 1

)
= e

βτ
(
θ−1+ γ

αC

)
is strictly greater than 1 if θ > 1− γ

αC
.

Let us now focus on ξ̃
∗
NC , observing that ∂M1

∂i

(
1− γ

αNC
, θ, 0

)
= 1 + γ − αNC is less than

−1 if γ < αNC − 2. Moreover, ∂M3

∂ω

(
1− γ

αNC
, θ, 0

)
= e

−βσ
(
1− γ

αNC
−θ

)
is larger than 1 if

θ < 1− γ
αNC

.

In view of the computations in the proof of Lemma 1, we note that the smoothness of (14)
guarantees that

∂F2(θ, z)

∂z
=


0 z < −f−1

0 (θ)

4(z + f−1
0 (θ))(1− z − f−1

0 (θ))(2− z − f−1
0 (θ)) z ∈ [−f−1

0 (θ), 1− f−1
0 (θ)]

0 z > 1− f−1
0 (θ)

where f−1
0 (θ) is given by (13) , smoothly approaches 0 as ρ(iR − it) approaches the values

−1 +
√
1−

√
θ and

√
1−

√
θ. Moreover, it holds that

∂F2(iR, 0)

∂z
= 4

√
iR

(
1−

√
iR

)
. (29)
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Lemma 1. Steady state ξ∗R =

(
iR, iR,

αNC− γ
1−iR

αNC−αC

)
, when it exists for αC < γ

1−iR
< αNC , is

locally asymptotically stable if

γiR
1− iR

− 4ρ
√
iR

(
1−

√
iR

)(
1 +

γiR
1− iR

)
− β iR(1− iR)

(αNC − αC)2

(
4ρ

√
iR

(
1−

√
iR

)
− 1

)2

A > 0, (30)

2

(
2− γiR

1− iR

)
− β iR(1− iR)

(αNC − αC)2

(
2ρ

√
iR

(
1−

√
iR

)
− 1

)
A > 0

and

2γ

1− iR
− β (1− iR)A

(αNC − αC)2
> 0. (31)

Proof of Lemma 1. Recalling the expression for the partial derivatives for M1 and M3 reported
in the proof of Proposition 5, at ξ∗R we have

∂M1

∂i
= 1− γiR

1− iR
,

∂M1

∂θ
= 0,

∂M1

∂ω
= −iR(1− iR)(αNC − αC),

∂M3

∂i
=

βA

(αNC − αC)3
,

∂M3

∂θ
= − βA

(αNC − αC)3
,

∂M3

∂ω
= 1.

Moreover, with F2 in (14), recalling also (29), at ξ∗R we have

∂M2

∂i
= −4ρ

√
iR

(
1−

√
iR

)
,

∂M2

∂θ
= 1,

∂M2

∂ω
= 0.

Hence, as coefficients of the characteristic polynomial λ3+χ1λ
2+χ2λ+χ3 = 0 of the Jacobian

matrix J of M = (M1,M2,M3) computed at ξ∗R, we find
χ1 = −∂M1

∂i − ∂M2

∂θ − ∂M3

∂ω = −3 + γiR
1−iR

,

χ2 = ∂M1

∂i
∂M2

∂θ + ∂M2

∂θ
∂M3

∂ω + ∂M1

∂i
∂M3

∂ω − ∂M1

∂ω
∂M3

∂i = 3− 2 γiR
1−iR

+ βiR(1−iR)A
(αNC−αC)2 ,

χ3 = −∂M1

∂i
∂M2

∂θ
∂M3

∂ω +∂M1

∂ω
∂M3

∂i

(
∂M2

∂i + ∂M2

∂θ

)
= 1+ γiR

1−iR
+βiR(1−iR)A

(αNC−αC)2

(
4ρ

√
iR

(
1−

√
iR

)
− 1

)
.

Let us now derive the Farebrother conditions

(i) 1− χ1 + χ2 − χ3 > 0; (ii) 1− χ2 + χ1χ3 − (χ3)
2 > 0;

(iii) 3− χ2 > 0; (iv) 1 + χ1 + χ2 + χ3 > 0,

which together ensure that ξ∗R is locally asymptotically stable.
It holds that (iv) can be rephrased as

4ρA
√
iR

(
1−

√
iR

)
> 0, (32)
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that is always fulfilled, since αC < γ
1−iR

< αNC at ξ∗R and σ < 0 < τ.

We now move to (i), which reads as

2

(
2− γiR

1− iR

)
− β iR(1− iR)

(αNC − αC)2

(
2ρ

√
iR

(
1−

√
iR

)
− 1

)
A > 0,

while (iii) can be rewritten as

2γ

1− iR
− β (1− iR)A

(αNC − αC)2
> 0. (33)

Finally, we have that (ii) reads as

γiR
1− iR

− 4ρ
√
iR

(
1−

√
iR

)(
1 +

γiR
1− iR

)
− β iR(1− iR)

(αNC − αC)2

(
4ρ

√
iR

(
1−

√
iR

)
− 1

)2

A > 0.

Proof of Proposition 9. Recalling the definition of β̃ in (17), we can rewrite the conditions in
Lemma 1 as

γiR
1− iR

− 4ρ
√
iR

(
1−

√
iR

)(
1 +

γiR
1− iR

)
− β̃

(
4ρ

√
iR

(
1−

√
iR

)
− 1

)2

> 0, (34)

2

(
2− γiR

1− iR

)
− β̃

(
2ρ

√
iR

(
1−

√
iR

)
− 1

)
> 0, (35)

2γiR
1− iR

− β̃ > 0. (36)

Moreover, recalling the definition of ι̃R in (26), after some algebraic manipulations, (34) can be
written as

ϕ (ρι̃R) := β̃(ρι̃R)
2 −

[
2β̃ − 1− γiR

1− iR

]
ρι̃R + β̃ − γiR

1− iR
< 0.

Let ρ̃ns,1 < ρ̃ns,2 be the two possible solutions to ϕ (ρι̃R) = 0 defined in (19). Since ϕ represents
a convex parabola with ϕ(1) = 1 > 0 and ϕ′(1) = 1+ γiR

1−iR
> 0, it follows that ρ̃ns,1 and ρ̃ns,2,

if they exist, are smaller than 1. The existence and position of ρ̃ns,1 and ρ̃ns,2 are determined
by ϕ(0), ϕ′(0) and by the discriminant of ϕ. In particular, it holds that ϕ(0) = β̃ − γiR

1−iR
, so if

ϕ(0) < 0, namely if

β̃ <
γiR

1− iR
, (37)

we have that ϕ (ρι̃R) < 0 for ρι̃R ∈ (0, ρ̃ns,2).
If ϕ(0) = 0, i.e. if β̃ = γiR

1−iR
, we have ϕ (ρι̃R) < 0 for ρι̃R ∈ (0, ρ̃ns,2) if ϕ′(0) < 0, namely

if 1 + γiR
1−iR

− 2β̃ < 0, or equivalently if 1 + γiR
1−iR

− 2 γiR
1−iR

< 0, which provides γ > 1−iR
iR

.

We have that ϕ (ρι̃R) = 0 has no positive solutions if its discriminant is negative or null,
namely if (

1 +
γiR

1− iR

)2

− 4β̃ ≤ 0,
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i.e. if

β̃ ≥ 1

4

(
1 +

γiR
1− iR

)2

, (38)

in which case ϕ (ρι̃R) ≥ 0 for any ρι̃R.
Conversely, if ϕ(0) > 0 and the discriminant is positive, which, recalling (37) and (38),

amounts to
γiR

1− iR
< β̃ <

1

4

(
1 +

γiR
1− iR

)2

, (39)

then it holds that ϕ (ρι̃R) < 0 for ρι̃R ∈ (ρ̃ns,1, ρ̃ns,2). To have ρ̃ns,1 > 0, we must impose

ϕ′(0) < 0, which, combined with the rightmost inequality in (39), also in this case, requires

γ > 1−iR
iR

. Note that this restriction implies that γiR
1−iR

< β̃ < 1
4

(
1 + γiR

1−iR

)2

is fulfilled.

Turning to (35), which can be rewritten as

2

(
2− γiR

1− iR

)
− β̃

(
ρι̃R
2

− 1

)
> 0,

since for (34) we need ρι̃R < ρ̃ns,2 and that ρ̃ns,2 < 1, we have ρι̃R
2 − 1 < 0. This means that if

γ ≤ 2(1−iR)
iR

, then (35) is fulfilled. Conversely, if γ > 2(1−iR)
iR

, we need

ρι̃R < 2

(
1− 2

β̃

(
γiR

1− iR
− 2

))
= ρ̃fl,

recalling (20).
Finally, (36) can be written as

β̃ <
2γiR
1− iR

.

Combining the various possibilities for the validity of (34), (35) and (36), we find that steady
state ξ∗R is locally asymptotically stable for

1. ρ ∈

0,
ρ̃ns,2

4
√
iR

(
1−

√
iR

)
 if

{
β̃ < γiR

1−iR

γ ≤ 2(1−iR)
iR

(40)

or if {
β̃ = iR

1−iR
iR

1−iR
< γ ≤ 2(1−iR)

iR

(41)

2. ρ ∈

 ρ̃ns,1

4
√
iR

(
1−

√
iR

) , ρ̃ns,2

4
√
iR

(
1−

√
iR

)
 if


γiR
1−iR

< β̃ < min
{

1
4

(
1 + γiR

1−iR

)2

, 2γiR
1−iR

}
1−iR
iR

< γ ≤ 2(1−iR)
iR

(42)
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3. ρ ∈

0,
min{ρ̃ns,2, ρ̃fl}

4
√
iR

(
1−

√
iR

)
 if

{
β̃ ≤ γiR

1−iR

γ > 2(1−iR)
iR

(43)

4. ρ ∈

 ρ̃ns,1

4
√
iR

(
1−

√
iR

) , min{ρ̃ns,2, ρ̃fl}

4
√
iR

(
1−

√
iR

)
 if


γiR
1−iR

< β̃ < min
{

1
4

(
1 + γiR

1−iR

)2

, 2γiR
1−iR

}
γ > 2(1−iR)

iR

(44)

In order to check the compatibility of the above set of conditions, recalling that γ ≤ 1 and
iR ∈ (0, 1), we start noting that

2(1− iR)

iR
≥ 1 ⇔ iR ≤ 2

3
. (45)

We focus on Case 1 above.
From the first condition in System (40) we have β < β0, while the second condition, recalling
(45), is unnecessary for iR ∈

(
0, 2

3

]
, otherwise we keep it.

From the first condition in System (41) we have β = β0, whereas condition γ ≤ 2(1−iR)
iR

, recall-
ing (45), is fulfilled for iR ∈

(
0, 2

3

]
.

In such manner, we obtain the statement in Case 1 of the present proposition.
Now we focus on Case 2 above.

From the first condition in System (42) we obtain β0 < β < min{2β0, βδ}.
Hence, recalling (45), we can split System (42) into


iR ∈

(
0, 2

3

]
4ρ

√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

β0 < β < min{2β0, βδ}
γ > 1−iR

iR

∨



iR ∈
(
2
3 , 1

)
4ρ

√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

β0 < β < min{2β0, βδ}
γ ≤ 2(1−iR)

iR

γ > 1−iR
iR

(46)

Recalling that by [24] it is not possible that (iii) in Farebrother conditions (cf. the proof of
Lemma 1) holds with an equality while the remaining conditions are fulfilled, we shall add, in

all systems in (46), the condition βδ ≤ 2β0, which is equivalent to

(
1+

γiR
1−iR

)2

4iR
≤ 2γ

1−iR
, i.e., to

γ ∈ [γa, γb], with γa,b =
(3±

√
8)(1−iR)
iR

.
Since it holds that γa < 1−iR

iR
, then γa will not play any role. As concerns instead γb, it holds

that γb < 1 for iR > 3+
√
8

4+
√
8
> 2

3 . Moreover, since 1−iR
iR

< 1 for iR > 1
2 , the first system in (46)

can be rewritten as 

iR ∈
(
1
2 ,

2
3

]
4ρ

√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

β0 < β < βδ

γ ∈
(

1−iR
iR

, 1
]
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and provides the first statement in Case 2 of the present proposition.
The second system in (46) can instead be rewritten as

iR ∈
(
2
3 , 1

)
4ρ

√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

β0 < β < βδ

γ ∈
(

1−iR
iR

, 2(1−iR)
iR

]
γ ∈ [γa, γb]

Since γa < 1−iR
iR

< 2(1−iR)
iR

< γb, the system is equivalent to

iR ∈
(
2
3 , 1

)
4ρ

√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

β0 < β < βδ

γ ∈
(

1−iR
iR

, 2(1−iR)
iR

]
which provides the second statement in Case 2 of the present proposition.

Now we focus on Case 3 above.
From the first condition in System (43) we find β ≤ β0. Recalling that from (45) the second
condition is possible only if iR > 2

3 , we obtain statement in Case 3 of the present proposition.
Finally, we focus on Case 4 above.

From the first condition in System (44) we find β0 < β < min{2β0, βδ}.
Recalling the discussion about the solution to Case 2 above, the resulting system can be split as

iR ∈
(

2
3 ,

3+
√
8

4+
√
8

]
4ρ

√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

4ρ
√

iR
(
1−

√
iR

)
< ρ̃fl

β0 < β < βδ

γ > 2(1−iR)
iR

γ ∈
[
(3−

√
8)(1−iR)
iR

, 1
]

∨



iR ∈
(

3+
√
8

4+
√
8
, 1
)

4ρ
√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

4ρ
√
iR

(
1−

√
iR

)
< ρ̃fl

β0 < β < βδ

γ > 2(1−iR)
iR

γ ∈
[
(3−

√
8)(1−iR)
iR

, (3+
√
8)(1−iR)
iR

]
or, equivalently, as

iR ∈
(

2
3 ,

3+
√
8

4+
√
8

]
4ρ

√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

4ρ
√

iR
(
1−

√
iR

)
< ρ̃fl

β0 < β < βδ

γ > 2(1−iR)
iR

∨



iR ∈
(

3+
√
8

4+
√
8
, 1
)

4ρ
√
iR

(
1−

√
iR

)
∈ (ρ̃ns,1, ρ̃ns,2)

4ρ
√
iR

(
1−

√
iR

)
< ρ̃fl

β0 < β < βδ

γ ∈
(

2(1−iR)
iR

, (3+
√
8)(1−iR)
iR

]
which is statement in Case 4 of the present proposition and concludes the proof.
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Proof of Proposition 10. We rewrite the first two conditions in Lemma 1 as

γiR
1− iR

− ρι̃R

(
1 +

γiR
1− iR

)
− β iR(1− iR)

(αNC − αC)2
(1− ρι̃R)

2
A > 0 (47)

and

2

(
2− γiR

1− iR

)
+

β iR(1− iR)

(αNC − αC)2

(
1− ρι̃R

2

)
A > 0, (48)

with ρι̃R as in (26), while we keep (31) unchanged.
Recalling the definition of β0 in (21), we start noting that (31) is satisfied for β < 2β0.
Turning to (47), it is fulfilled for β < βns, with βns in (25), and this requires ρι̃R < ρ̂,

with ρ̂ introduced in (22), i.e., recalling (26), for ρ < ρ̂

4
√

iR(1−
√
iR)

. According to the proof of

Proposition 9, any ρι̃R satisfying (30), and thus (47), must lie in (0, 1), and this is the case by
imposing ρι̃R < ρ̂, since ρ̂ < 1.

Finally, (48) is satisfied for β > βfl, with βfl in (24), when the latter is positive, i.e., for
γ > 2(1−iR)

iR
, while (48) is always fulfilled if γ ≤ 2(1−iR)

iR
.

Hence, (31), (47) and (48) are satisfied in the following cases:


γ ≤ 2(1−iR)

iR

ρι̃R < ρ̂
β < βns

β < 2β0

∨


γ > 2(1−iR)

iR

ρι̃R < ρ̂
β > βfl

β < βns

β < 2β0

(49)

Recalling that (see e.g. [24]) it is not possible that (iii) in Farebrother conditions (cf. the proof of
Lemma 1), i.e., (31), holds with an equality while the remaining conditions are satisfied, we have
to add the condition βns ≤ 2β0 in both systems in (49), thus obtaining


γ ≤ 2(1−iR)

iR

ρι̃R < ρ̂
β < βns

βns ≤ 2β0

∨


γ > 2(1−iR)

iR

ρι̃R < ρ̂
β > βfl

β < βns

βns ≤ 2β0

(50)

Noting that 2(1−iR)
iR

≥ 1 for iR ≤ 2
3 , and recalling that γ ≤ 1 and iR ∈ (0, 1), then the systems

in (50) can be rewritten as


iR ∈ (0, 2

3 ]

ρι̃R < ρ̂
β < βns

βns ≤ 2β0

∨



iR ∈ ( 23 , 1)

γ ≤ 2(1−iR)
iR

ρι̃R < ρ̂
β < βns

βns ≤ 2β0

∨



iR ∈ ( 23 , 1)
2(1−iR)

iR
< γ ≤ 1

ρι̃R < ρ̂
β > βfl

β < βns

βns ≤ 2β0

(51)

Comparing the thresholds found for β in (21) and (25), we find that βns ≤ 2β0 if and only if

γiR(1− ρι̃R)(2ρι̃R − 1) ≤ ρι̃R(1− iR). (52)

Since the right-hand side is always positive, recalling that ρι̃R < 1, the inequality is fulfilled for
every γ ∈ (0, 1] when ρι̃R ≤ 1

2 . If instead ρι̃R ∈
(
1
2 , 1

)
, then (52) is satisfied for γ ≤ γ̂, with γ̂

defined in (23).
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Thus, it holds that βns ≤ 2β0 occurs for every γ ∈ (0, 1] when ρι̃R ≤ 1
2 , and for γ ≤ γ̂ in (23)

when ρι̃R ∈
(
1
2 , ρ̂

)
. Hence, the first system in (51) can be split as follows9


iR ∈ (0, 2

3 ]

ρι̃R ≤ 1
2

ρι̃R < ρ̂

β < βns

∨


iR ∈ (0, 2

3 ]

γ ≤ min{1, γ̂}
ρι̃R ∈

(
1
2 , ρ̂

)
β < βns

(53)

Similarly, the second system in (51) can be split as follows

iR ∈ ( 23 , 1)

γ ≤ 2(1−iR)
iR

ρι̃R ≤ 1
2

ρι̃R < ρ̂

β < βns

∨



iR ∈ ( 23 , 1)

γ ≤ 2(1−iR)
iR

γ ≤ γ̂
ρι̃R ∈

(
1
2 , ρ̂

)
β < βns

However, since for ρι̃R > 1
2 it holds that 2(1−iR)

iR
< γ̂, the two systems above can be unified into

iR ∈ ( 23 , 1)

γ ≤ 2(1−iR)
iR

ρι̃R < ρ̂

β < βns

(54)

As concerns the third system in (51), it can be split as follows

iR ∈ ( 23 , 1)
2(1−iR)

iR
< γ ≤ 1

ρι̃R ≤ 1
2

ρι̃R < ρ̂

βfl < β < βns

∨


iR ∈ ( 23 , 1)
2(1−iR)

iR
< γ ≤ min{1, γ̂}

ρι̃R ∈
(
1
2 , ρ̂

)
βfl < β < βns

(55)

Observing that ρ̂ > 1
2 requires γ > 1−iR

iR
, we have that (53) can be rewritten as follows

iR ∈ (0, 2
3 ]

ρι̃R ≤ 1
2

ρι̃R < ρ̂

β < βns

∨


iR ∈ (0, 2

3 ]
1−iR
iR

< γ ≤ min{1, γ̂}
ρι̃R ∈

(
1
2 , ρ̂

)
β < βns

(56)

Combining the various possibilities for the validity of (54), (55) and (56), recalling (17) we
obtain the desired result.

9Direct computations show that, for ρι̃R ∈
(
1
2
, ρ̂

)
⊂

(
1
2
, 1

)
, it holds that γ̂ ≥ 1 for iR ∈

(
2
3
, ρι̃R
4ρι̃R−2(ρι̃R)2−1

]
,

while γ̂ < 1 for iR ∈
(

ρι̃R
4ρι̃R−2(ρι̃R)2−1

, 1
)
.
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